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Abstract. We consider the logic of justified common knowledge S4J
n in-

troduced in [Artemov, 2004]. This system captures the notion of justified
common knowledge, which is free of some of the deficiencies of the usual
common knowledge operator, and yet sufficient for analysis of epistemic
problems where common knowledge has been traditionally applied. In
particular, S4J

n enjoys cut-elimination, which opens a possibility for an
automatic proof search in logic of common knowledge. In this paper, we
present an implementation that automatically builds cut-free proofs in
S4J

n. Our work is based on the existing matrix-based prover for intuition-
istic logic [Schmitt et al., 2001].

1 Introduction

Plato defines knowledge as justified true belief. The modal logic approach to
knowledge, developed in [Hintikka, 1961; Hintikka, 1962], captures the true be-
lief components of Plato’s tripartite definition. The justification component was
introduced into formal epistemology in [Artemov and Nogina, 2005; Artemov,
2004].

1.1 Common Knowledge

Common knowledge is a standard notion in formal epistemology. If Ki (i =
1, . . . , n) are knowledge operators of individual agents and

Eϕ = K1ϕ ∧ . . . ∧Knϕ,

we can informally define common knowledge as:

Cϕ↔ ϕ ∧ Eϕ ∧ . . . ∧ Emϕ ∧ . . . .

The standard way of defining common knowledge axiomatically is via the Fixed-
Point Axiom:

Cϕ↔ E(ϕ ∧ Cϕ)
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together with the Induction Rule:

ϕ→ E(ψ ∧ ϕ)
ϕ→ Cψ

This formalization does not behave well proof-theoretically; in particular,
the above axiomatization does not admit cut-elimination [Alberucci and Jäger,
2005] – an automatic proof search becomes problematic.

An alternative evidence-based approach to common knowledge was intro-
duced in [Artemov, 2004], using the new expressive power of the logics of knowl-
edge with justification. The basic new atoms in the latter are explicit evidence
operators of type t : ϕ, where ϕ is a sentence and t is an evidence term that
uses a certain manageable system of operations on justification. New evidence
operators t :ϕ are completely described by the Logic of Proofs LP and provide
an axiomatic and model description of epistemic assertions

t is a justification for ϕ .

We can also consider a forgetful projection of evidence that replaces each
evidence assertion t : ϕ by a sentence Jϕ, where J is a new modality of justi-
fied knowledge. [Artemov, 2004] considers, among others, the logic S4J

n with n
S4-modalities Ki denoting knowledge of n agents and an additional n+ 1-st S4-
modality J , together with the axiom scheme Jϕ→ Kiϕ. It has been established
in [Artemov, 2004] that S4J

n is indeed a forgetful projection of the correspond-
ing logic of knowledge with justification. In particular, [Artemov, 2004] gives a
Realization Algorithm that given an S4J

n-derivation, it recovers explicit evidence
terms for each occurrence of the justified knowledge modality J . These results
support understanding of the justified knowledge statement Jϕ as

there is an access to a justification of ϕ .

The logic S4J
n is a typical justified knowledge system which is also convenient

to compare justified knowledge – represented by S4J
n – with the corresponding

common knowledge system S4C
n based on the Fixed-Point Axiom together with

the Induction Rule.
Here are the main properties of the justified knowledge system S4J

n estab-
lished in [Artemov, 2004].

Fixed-Point Axiom The justified knowledge modality J satisfies the Fixed-
Point Axiom of common knowledge in this form:

Jϕ↔ E(ϕ ∧ Jϕ).

Connection with Common Knowledge Every evidence-based principle is a
common knowledge principle but not vice versa:

(S4J
n)∗ ⊂ S4C

n

where ∗ replaces every J-modality with C-modality.



Cut-Elimination S4J
n enjoys cut-elimination.

Hence Justified Knowledge is a well-behaved, constructive version of Common
Knowledge, which can be used as the latter in solving specific problems (cf.
[Artemov, 2004]).

In this paper we describe an implemented automatic proof search procedure
for S4J

n wich produces cut-free proofs. Given a cut-free proof in S4J
n one can use

the Realization Algorithm to recover evidence terms in this proof.
We successfully formalized, and S4J

n-prover proved the Wise Men and Muddy
Children puzzles [Fagin et al., 1995]. The Muddy Children Puzzle was formulated
in several flavors for four children, and depending on its formulation the proof
search and verification time varied from under one second to 100 seconds.

Our S4J
n-prover is based on existing implementation for intuitionistic logics.

The cases of T and S5 as the base knowledge systems instead of S4 are left for
future work. The Realization Algorithm is currently implemented for S4, but we
leave it outside the scope of this paper, since we still need to extend it to the
full S4J

n case and connect it to our S4J
n-prover.

1.2 Existing Code for First-Order Intuitionistic Logic

We based our work on the existing code of the J-prover in the MetaPRL logical
framework [Schmitt et al., 2001]. The implementation is based on a uniform
algorithm and matrix characterization for the first order intuitionistic logic J,
modal logics K, K4, T, S4, S5, and fragments of linear logic were given [Otten
and Kreitz, 1996b; Kreitz and Otten, 1999]. It also contains an algorithm for
conversion of an existing matrix proof into a sequent proof [Schmitt and Kreitz,
1995; Kreitz and Schmitt, 2000; Schmitt, 1999].

Note that J here stands for first order intuitionistic logic and has nothing to
do with “J” in S4J

n where it stands for “justified” S4-modality.

The code we started from supported only the first order intuitionistic logic
J. We generalize the matrix characterization of S4 to S4J

n, and extend that code
to support matrix proof search and sequent proof reconstruction for S4J

n.
We also improve the prefix unification algorithm [Otten and Kreitz, 1996a],

which is an important part of the matrix proof search algorithm: on some prob-
lems it consumes as much as 99% of the total proof search and construction
time. The unification is used iteratively with incremental extension of the equa-
tion system. Original algorithm was solving new systems from scratch each time.
We modified it to reuse the information obtained from the previous iteration on
the next iteration when one more equation was added. For problems with a
unique most-general unifier, one has only to retain the unifier whic itself repre-
sents the solved system. Unfortunately, prefix unification problems do not have
unique solutions but rather minimal sets of unifiers. Naturally, not all members
of a unifier set U for system S survive as members of a unifier set for system
S ∪ p = q.

http://metaprl.org/


The algorithm terminates when any unifier is found, but its full state con-
tains the partially explored decision tree which we have to keep for the next
iteration. Passing the unexplored part of decision tree from iteration to iteration
reduced the running time by at least an order of magnitude on difficult problems.

The rest of the paper is organized in the following way. In Section 2, we in-
troduce the matrix characterization of logical validity for propositional classical
logic [Bibel, 1981; Bibel, 1987; Andrews, 1981]. In Section 3, we extend this no-
tion to S4 [Wallen, 1990]. Section 4 contains our extension of the matrix method
to S4J

n, and Section 5 describes modifications to the prefix unification algorithm,
which is a part of matrix method. And finally, Section 6 briefly describes the
main ideas of matrix proof to sequent proof conversion [Kreitz and Schmitt, 2000;
Schmitt, 1999] and our modifications to enable support of S4J

n.

2 Matrix Characterization of Logical Validity

The connection method was introduced in [Bibel, 1981; Bibel, 1987] for classical
logic. In [Wallen, 1990] it was extended to a number of non-classical logics. Kreitz
et al suggested a uniform algorithm for a variety of modal logics, intuitionistic
logic, and fragments of linear logic [Otten and Kreitz, 1996b; Kreitz and Otten,
1999]; described a uniform method of reconstruction of Gentzen sequent proofs
from matrix proofs [Schmitt and Kreitz, 1995; Kreitz and Schmitt, 2000; Schmitt,
1999]; and implemented it for intuitionistic logic in the MetaPRL proof assistant
[Schmitt et al., 2001].

In this section, we will introduce the basic concepts of matrix method and de-
scribe logical validity in these terms. We will limit our attention to propositional
case because our target logic S4J

n is propositional.
A formula tree of a formula F is basically its syntax tree. Each node s cor-

responds to one particular subformula Fs. We give unique names a1, a2, . . . to
each node and call them positions. A label of a position s is the major (outer-
most) connective of Fs or is itself Fs if it is atomic. In the latter case, s is called
atomic position or simply atom. The tree ordering < on positions is induced by
the tree structure where the root is the smallest element with respect to this
tree ordering <.

Each position is associated with polarity in a standard way with the root
having polarity 0.

The principal type Ptype(u) of a position u is defined by its label and polarity
according to the following table:

principal type α (A ∧B)1 (A ∨B)0 (A⇒ B)0 (¬A)1 (¬A)0

subformulae polarities A1, B1 A0, B0 A1, B0 A0 A1

principal type β (A ∧B)0 (A ∨B)1 (A⇒ B)1

subformulae polarities A0, B0 A1, B1 A0, B1

Atomic positions have no principal type.

http://metaprl.org/


Definition 1. For a principal type t, we say that two positions a and b of F
are t-related (a ∼t b) if the <-biggest position c of F that is less than a and b
has principal type t (c = max{x | x < a ∧ x < b}). a is t-related to a set S iff
a ∼t s for all s ∈ S.

Definition 2. For each principal type t, there are secondary types t0, . . . , tk
where k is the arity of connectives that produce type t. For position u of principal
type t, its <-successors have secondary types ti according to their relative order
as arguments of u. We denote the secondary type of a position v as Stype(v).
The root has no secondary type.

The matrix(-representation) of a formula F is a two-dimensional representa-
tion of its atomic subformulae without connectives (but with parentheses); it is
mainly used for illustrative purposes. In this representation, α-related positions
are arranged side by side; β-related positions are arranged one on top of another.

Example 1. The matrix representation of the formula ¬((¬A∨¬C)∧ ((A∧B)∨
(B ∧ C))) is: (

A0

C0

) (
(A1 B1)
(B1 C1)

)
Definition 3. A path through a formula F is a maximal set of α-related posi-
tions. It can be visualized as a maximal “horizontal” line through the matrix of
F (or more precisely, a maximal line that never runs vertically).

Definition 4. A connection is a pair of positions with the same labels but
opposite polarities.

Theorem 1. A propositional formula F is (classically) valid iff every path through
F has a connection.

A proof of this theorem (first-order case) can be found in [Bibel, 1987].

3 Matrix characterization for S4

The matrix characterization for S4 was given in [Wallen, 1990]. For this, we need
to add two extra principal types ν, π for modal positions; define prefixes and
unification over them; define multiplicity and what is an indexed formula; and
define complementary connections and admissible substitutions.

We will use only one modality 2 because 3 has no explicit counterpart in the
logic of knowledge with justification in which we want to realize S4J

n-theorems.
Two new principal types are defined according to the table below:

principal type ν (2A)1

subformula polarity A1

principal type π (2A)0

subformula polarity A0



We denote the set of all positions of primary type ν as V, of primary type π
as Π, all positions of secondary type ν0 as V0, and of secondary type π0 as Π0.

Definition 5. For a position u, the modal prefix preM (u) is a string u1 . . . un

of all positions u1 < u2 < . . . < un ≤ u such that ui ∈ V0 ∪Π0.

Definition 6. The modal substitution σ : V0 → (V0 ∪ Π0)∗ induces a relation
<M⊆ (V0 ∪Π0)×V0: if σM (u) = p, then v < u for all v ∈ V0 ∪Π0 occurring in
p.

In other words, ν0-positions are considered to be variables and π0-positions
are considered to be constants. All variables in the result of σ(u) are less than
u with respect to the ordering induced by σ.

Definition 7. A modal substitution σ is S4-admissible iff the induced reduc-
tion ordering � = (< ∪ <)+ is irreflexive.

In S4-tableaux, ν-formulae can be used several times to populate several pre-
fixes (worlds); in order to reflect it in the matrix characterization, we introduce
modal multiplicity µ : V0 → N and define indexed formula Fµ which is just a
pair – a formula and a multiplicity function over it. A position u ∈ V has µ(u)
instances of its successor trees with root v, u < v. Whenever we refer to index
formula, we imply that positions are duplicated according to the multiplicity
function.

Definition 8. A connection {u, v} is complementary under a substitution σ
iff σ(pre(u)) = σ(pre(v)). A path is complementary iff it contains a complemen-
tary connection.

Definition 9. A set of connections C spans the formula A iff any path through
A contains some connection from C.

Theorem 2. A formula is S4-valid iff there is a multiplicity µ, an S4-admissible
substitution σ, and a set of σ-complementary connections C that spans A [Wallen,
1990].

4 Matrix Characterization of S4J
n

S4J
n can be described as n modalities Ki with S4 behavior, modality J with S4

behavior. and the axiom schema Jp→ Kip for all i.
To extend matrix characterization from singular S4 to several such modali-

ties, one has to label tree positions with the appropriate modalities and make
such positions incompatible for prefix unification purposes.

In terms of tableau rules, the connection axiom can be expressed as

T σ Jp

T σ.ai p
for an existing prefix σ.ai



This means that J-modality is compatible with worlds generated by any
modality K1, . . . ,Kn, J . For unification purposes, we allow variable positions
related to J-modalities to unify with any string.

We will mark position a with a superscript i if it is related to modality Ki.
For J we will use superscript 0.

Definition 10. For a position ai, we define sort{ai} = i

Definition 11. To describe prefix unification for S4J
n, we define a relation �

on positions. For two positions a and b, we say that a � b iff a is ν0
0 or a is νi

0,
and b is νi

0 or πi
0. Basically, it states when b can be substituted for a.

Corollary 1. � is reflexive and transitive.

Definition 12. A substitution {V1 \ s1, . . . , Vn \ sn} is S4J
n-admissible iff it is

S4-admissible and for all i and all a from si, holds Vi � a.

Theorem 3. A formula is S4J
n-valid iff there is a multiplicity µ, an S4J

n-admissible
substitution σ, and a set of σ-complementary connections C that spans A.

Proof. (Sketch) The only difference between S4 and S4J
n tableaux are the rules

of propagation of 2 from prefix to prefix. Our adjustments in the definition of
admissible substitution reflects those differences exactly.

We can modify our definition of a path through a formula Aµ as follows.
We say that some sets of α-related positions are paths (and our original paths
become atomic paths). Instead of P ∪ {v}, we will write P, v.

(A) Root is a path.
(B) If P, u is a path, and u is an α-position with subformulae u0 and u1, then

P, u0 and P, u1 are paths as well.
(C) If P, u is a path, and u is a β-position with subformulae u0 and u1, then

P, u0, u1 is a path.
(D) If P, u is a path, and u is a π-position with subformula u0, then P, u0 is a

path.
(E) If P, u is a path, and u is a ν-position with subformula u0, then P , u0,1, . . .,

u0,µ(u) is a path where u0,i are instances of u0.

If we augment each position in paths with its prefixes, paths will become S4J
n-

tableau branches. Atomic paths will be closed branches (if there is a spanning
set of connections). Our path generation rules become valid tableau rules as long
as prefixes are introduced by π-rules before they are used by ν-rules. But we can
always apply the ν-rule after the appropriate π-rule – they cannot block each
other because their active positions are from different branches of the syntax
tree. Hence if there is a matrix proof then there is a tableaux proof as well.

Once we have a tableau proof, we can find the appropriate multiplicity and an
S4J

n-admissible substitution. Each tableau branch represents one or many atomic
paths, each closed branch has a complementary connection, and all branches of
a closed tableau cover all atomic paths.



5 Prefix Unification for S4J
n

[Otten and Kreitz, 1996a] present a prefix unification algorithm for a number of
logics, including S4 (the algorithm is the same but it uses different sets of rules
for different logics).

We consider strings over V ∪C where V serves as a set of variables and C is a
set of constants. Symbols are actually positions, so for the S4J

n case, we assume
that each symbol has a sort : V ∪ C → N which we denote as a superscript, and
we have a sort compatibility relation ≺ over symbols.

Definition 13 (T-string property). Two strings a and b over an alphabet A
have T-string property iff

(A) ∀1≤i,j≤|s|.i 6= j ⇒ si 6= sj and ∀1≤i,j≤|t|.i 6= j ⇒ ti 6= tj
(B) ∃0≤k≤min(|s|,|t|).(∀1≤i≤k.si = ti&∀k<i≤|s|∀k<j≤|t|.si 6= tj)

In other words, these strings form a tree.

Definition 14. A set of strings S has T-string property iff all pairs of strings
s, t ∈ S have T-string property.

Definition 15. A system of equations {s1 = t1, . . . , sn = tn} has T-string prop-
erty iff the set {s1, . . . , sn, t1, . . . , tn} has T-string property.

Definition 16. A substitution σ is a T-unifier of a system of equations {si =
ti|1 ≤ i ≤ n} iff σsi = σti for all 1 ≤ i ≤ n.

Definition 17. A substitution σ is an instance of τ if there is δ such that
σ = δ ◦ τ (δ applied after τ).

Definition 18. A set of substitutions Σ is a (minimal) set of most general
unifiers for a system of equations Γ iff:

Correctness Every σ ∈ Σ is a T-unifier for Γ .
Completeness Every T-unifier τ for Γ is an instance of some σ ∈ σ.
Minimality No σ ∈ Σ is an instance of another σ′ ∈ Σ.

A nondeterministic version of the unification algorithm is the following. It
assumes that each equation in Γ has the form s = r|t where r = ε at the
beginning:

while Γ 6= ∅ do
select the left most system s = t ∈ Γ
set Γ to Γ \ {s = t}
select a transformation rule Π → ∆,Θ from T which is applicable to s = t;
if no rule is applicable stop with failure
apply rule Π → ∆,Θ to s = t, let ∆′, Θ′ be the results
Γ := Θ′(Γ ), σ := Θ(σ)
Γ := ∆′ ∪ Γ , σ = σ ∪Θ′



stop with success and return σ.

The set of most general unifiers is a result of all successful runs of the algo-
rithm.

Definition 19. For two variable positions ai and bj, we say that ai ' bj iff
i = j or one of them is 0.

Corollary 2. ' is an equivalence relation.

If ai ' bj , then the least constraining sort of variables that can be substituted
for both ai and bj is max(i, j). Indeed, if max(i, j) is positive, then it is the only
possible sort; if it is 0, then it can be replaced with any other sort, but if we
choose any positive sort, we will then be bound to it.

The original list of rules for T-unification for S4 described in [Otten and
Kreitz, 1996a] changes to the one described in Table 1. There we added the
Rules 11 trough 14 and sort compatibility conditions to the Rules 7 trough 10.

R1 {ε = ε|ε} → {}, {}
R2 {ε = ε|t+} → {t+ = ε|ε}, {}
R3 {Xs = ε|Xt} → {s = ε|t}, {}
R4 {Cs = ε|V t} → {V t = ε|Cs}, {}
R5 {V s = z|ε} → {s = ε|ε}, {V \ z}
R6 {V s = ε|C1t} → {s = ε|C1t}, {V \ ε}
R7 {V s = z|C1C2t} → {s = ε|C2t}, {V \ zC1}, where V � C1

R8 {V s+ = ε|V1t} → {V1t = V |s+}, {}, where V1 � V
R9 {V s+ = z+|V1t} → {V1t = V ′|s+}, {V \ z+V ′}, where V ' V1,

and sort{V ′} = max(sort{V }, sort{V1})
R10 {V s = z|Xt} → {V s = zX|t}, {}, where V � X, and V 6= X,

and s = ε or t 6= ε or X ∈ C
R11 {V s = z|V1t} → {s = ε|V1t}, {V \ z}, where (z 6= ε and V � V1) or

(z = ε and not V ' V1)
R12 {V = ε|V1t} → {V = ε|t}, {V1 \ ε}, where V1 � V but V � V1

R13 {V = ε|V1t} → {V1t = V ′|ε}, {V \ V ′}, where V1 � V but V � V1,
and sort{V ′} = sort{V }

R14 {V s = zV1|Ct} → {s = ε|Ct}, {V \ zV1}, where V � C

Table 1. s, t and z denote (arbitrary) strings, and s+, t+, z+ non-empty strings.
X, V , V1, C, C1, and C2 denote single characters with X ∈ V ∪ C ∪ V ′, V, V1 ∈
V ∪ V ′ (with V 6= V1), and C,C1, C2 ∈ C. V ′ ∈ V ′ is a new variable which does
not occur in the substitution σ computed so far.

Corollary 3. (T-String Preserving) Let Γ be system of equations with T-
string property and σ be a most general unifier for one of its equations, then a
system of equations σΓ still has T-string property.



Definition 20. Let mgu(Γ ) be the set of all substitutions produced by the given
algorithm with the given set of rules.

Corollary 4. (Correctness) Let Γ = {s = ε|t} be an equation of T-strings.
Then all σ ∈ mgu(Γ ) are T-unifiers for Γ .

Proof is the same as in [Otten and Kreitz, 1996a].

Theorem 4. (Termination) Let Γ = {s = ε|t} be an equation of T-strings.
Then the given algorithm with the given set of rules always terminates.

Proof. [Otten and Kreitz, 1996a] prove it by defining an ordering on equations
and showing that we need at most two rule applications to obtain a smaller
equation with respect to that ordering. This proof works for our set of rules as
well.

[Otten and Kreitz, 1996a] claim minimality of the resulting unifier sets for
their S4-set of rules. We do not claim it for our rules. See our practical consid-
erations at the end of this section.

Theorem 5. (Completeness) Let Γ = {s = ε|t} be an equation of T-strings.
mgu(Γ ) is complete, i.e. any unifier of Γ is an instance of some σ ∈ mgu(Γ ).

Proof. [Otten and Kreitz, 1996a] claim completeness of the original S4-set of
rules. Completeness of our extended set can be obtained by lengthy analysis
of all cases when S4-rules are not applicable due to modal sort compatibility
requirements.

5.1 Practical considerations

Informally, T-unification problems are not exactly isomorphic to desired solu-
tions of prefix equations. For example, fresh variables introduced in the Rules
9 and 13 are set to ε after a unifier is found. Substitution {V1 \ ε, V2 \ ε} is an
instance of {V1 \ V2}; for proof search purposes they are equally good, but if we
still have some equations to solve, the former substitution being applied to them
produces a smaller problem. These considerations suggest that minimality and
completeness of the resulting unifier sets do not guarantee optimality.

We must also pay close attention to the order in which rules are attempted
– swapping Rules 12 and 13 changes running time on certain problems by more
than an order of magnitude, and changes (practical) feasibility of some problems.
We plan to measure “popularity” of the rules on a large base of problems and
reorder them by decreasing order of popularity.

6 From Matrix Proofs to Sequent Proofs

The algorithm for the conversion of matrix proofs to sequent proofs was given
by Kreitz and Schmitt [Kreitz and Schmitt, 2000; Schmitt, 1999] for a number



of modal logics (K,K4,T,S4,D,D4), first order intuitionistic logic, and fragments
of linear logic.

The full description of the algorithm is lengthy and very technical, so we will
highlight only the main idea and details that change with our move from S4 to
S4J

n. The main idea of the algorithm is to use the reduction ordering induced
by unifying substitution to choose the order in which positions are inspected
and converted to sequent rules. The order is important because certain rules can
destroy formulae of a sequent that have not yet been used.

Definition 21. We say that the processed positions are solved, and that Pa is
the set of solved atomic positions.

Definition 22. We call open a not-solved position whose immediate predeces-
sor in the tree ordering is solved. Po = {x | x not solved & y ≺ x solved} is the
set of open positions.

Basically, open positions represent current formulas in the sequent.

Definition 23. If x < y (substitution induced relation), we say that x is blocking
y. And Wy = {x | x < y} is the set of positions blocking y.

Consider the S4-rule for 2-introduction to the right:

Γ ∗ ⇒ ∆,A

Γ ⇒ ∆,2A
(⇒ 2)

Where Γ ∗ = {2X|2X ∈ Γ}, it is more convenient to formulate it in this form
with ∗ operation when we do a bottom-up proof.

If we apply this rule too early, the ∗ operation might delete some formulae
that we will need later in our proof. The conversion algorithm has a complicated
condition describing when it is not too early to use this rule.

For S4J
n, the similar rule is:

Γ ∗ ⇒ ∆,A

Γ ⇒ ∆,2A
(⇒ 2)

If 2 is J then Γ ∗ = {JA|JA ∈ Γ}.
If 2 is Ki then Γ ∗ = {JA|JA ∈ Γ} ∪ {KiA|KiA ∈ Γ}.
So in the case of S4J

n, not all boxes survive after this rule but only boxes of
the same sort or stronger (i.e. J). In order to reflect this in the proof conversion
algorithm for S4J

n, we impose one more condition when a π-position cannot be
processed – if there is an open ν-position of a different non zero sort. Otherwise,
if we process that π-position, we will apply the ⇒ 2-rule to it and it will delete
the incompatible ν-positions.

This modification is the only one needed to add S4J
n support to the existing

proof conversion algorithm for S4.
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