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Abstract
INTEGRATION OF DECISION PROCEDURES INTO HIGH-ORDER
INTERACTIVE PROVERS
by

Yegor Bryukhov

Adviser:  Professor Sergei Artemov

An efficient proof assistant uses a wide range of decision procedures, in-
cluding automatic verification of validity of arithmetical formulas with linear
terms. Since the final product of a proof assistant is a formalized and veri-
fied proof, it prompts an additional task of building proofs of formulas, which
validity is established by such a decision procedure.

We present an implementation of several decision procedures for arith-
metical formulas with linear terms in the MetaPRL proof assistant in a way
that provides formal proofs of formulas found valid by those procedures.

We also present an implementation of a theorem prover for the logic of
justified common knowledge S47 introduced in |Artemov, 2004]. This system
captures the notion of justified common knowledge, which is free of some of
the deficiencies of the usual common knowledge operator, and is yet suffi-
cient for the analysis of epistemic problems where common knowledge has
been traditionally applied. In particular, S42 enjoys cut-elimination, which
introduces the possibility of automatic proof search in the logic of common

knowledge. Our implementation automatically builds cut-free sequent proofs



v

in S4J. This prover is based on the existing matrix-based prover for intu-

itionistic logic [Schmitt et al., 2001].
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Chapter 1

Introduction

There are few mathematical results that utilized computers to check a mul-
titude of decidable facts. The number and complexity of these facts make
them intractable for human checking; even if these results were converted to
a humanly readable form, they could hardly be checked “by hand” reliably.
And this is probably indicative of a certain tendency in mathematics: it is
likely that there will be more and more such results. Today, some mathemati-
cians do not consider such computer-generated proofs to be quite acceptable,
but we are likely to see their widespread acceptance sooner or later. Perhaps
it will be the norm someday to submit papers with proofs checked by one
of the publicly recognized automatic proof checkers (just as TEX a de facto
standard today, met with initial skepticism).

Similarly, program verification becomes more and more important in the

computer industry because of the growing need for formal verification in fi-
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nancial systems, life support systems, power grid control systems, traffic con-
trol systems (aboveground, underground, air, or space), expensive remotely
controlled equipment (space programs), etc.

For a tool to be useful and usable in pursuit of computer-checked proofs,
it should be capable of filling in “simple” gaps in its users’ reasonings. Such
tools are called proof assistants. In Chapter [2| proof assistants are reviewed
briefly with an emphasis on the MetaPRL logical framework, in which all the
work described in this thesis is implemented.

To be truly interactive, a proof assistant needs most often to have response
time in fractions of a second. It has to fill certain classes of reasoning gaps
automatically so that a user can concentrate on other issues.

One can distinguish two kinds of gaps in informal proofs:

(A) trivial issues that would not even be addressed in an informal proof;
they should be resolved by a proof assistant automatically and instan-

taneously;

(B) other issues that can be solved by a computer algorithm in a reasonable

amount of time.

Of course, the description of and above is quite informal.


http://metaprl.org/
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1.1 Automatic Proof Search

There is one more concern about automatic solving of certain kinds of prob-
lems. Typically, there are decidability results that suggest algorithms (de-
cision procedures) solving problems of a certain kind. These algorithms are
supported by some informal correctness theorems, but they do not construct
formal and checkable proofs.

Earlier implementations of proof assistants used such algorithms as is;
this approach means that one has to trust the implementation of the algo-
rithm. One also has to believe in the correctness of the algorithm because
decidability results are usually proved outside of the proof assistant at hand.
It means that every decision procedure extends the so-called trusted core of
the proof assistant at hand. Now, imagine that we change something in the
background logic of the proof assistant. We cannot be sure that the decision
procedures it uses are still compatible with this revised logic, so one has to
revise all (!) decision procedures used.

We can, as an alternative, use algorithms that actually construct proofs
for their conclusions within the logic upon which that proof assistant is based.
In this way, even if an algorithm or its implementation is flawed, the worst
thing that could happen is that it will fail to prove something. This approach
does not affect the trusted core of the proof assistant and, as a result, revisions
of the proof assistant’s base logic do not demand revisions of these algorithms.

This approach is potentially less efficient (in terms of time of execution);
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it has been extensively explored since the 1990s, and though results are
not always stunningly fast, we can at least say that converting a decision
procedure to a proof-constructing procedure is usually doable [Boulton, 1994;
Harrison, 1994; Harrison, 1996; [Schmitt and Kreitz, 1995; Schmitt, 1999;
Schmitt et al., 2001].

1.1.1 Reasoning about Integers

One particular type of problem that can and should be solved automatically
is whether or not a certain arithmetical formula logically follows from a given
set of assumptions. Of course, it is not decidable for Peano Arithmetic of
addition and multiplication, but it is decidable for Presburger Arithmetic of
addition (arithmetic of linear terms, [Presburger, 1929]). Many mathemati-
cians and computer scientists do not realize how important numbers are in
their everyday reasoning. One uses numbers whenever (s)he needs to mea-
sure something, index something, or use the principle of induction, hence
effective automation of integer reasoning is a very important feature of any
proof assistant.

MetaPRL is a relatively new proof assistant that had no theory of integer
numbers at all, when the author got involved in its development. Chapter
of this thesis describes the author’s efforts to bring MetaPRL up to speed in
the area of integer reasoning automation. All implemented algorithms not

only decide but also construct proofs of their findings.
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1.1.2 Deduction in Multi-Agent Systems of Knowledge

An ability to reason about the knowledge of intellectual agents who can
reason about the world and each other’s knowledge has uses in a range of
applications, from philosophy to economics to security analysis (cf. |[Aumann,
1976; |[Fagin et al., 1995; Meyer and van der Hoek, 2004}). One of the founders
of the formal logic of knowledge, R.J. Aumann, was awarded the 2005 Nobel
Prize in Economics.

Common knowledge is a key attribute of multi-agent systems of knowl-
edge [Fagin et al., 1995]. Until recently, all known axiomatic descriptions of
common knowledge used fixed-point characterizations. Such systems do not
enjoy cut-elimination [Alberucci and Jéger, 2005] hence use of traditional
proof-theoretic techniques is problematic, and no automatic proof search
seems possibl There is an alternative axiomatization [Jager et al., 2005
that avoids the cut rule entirely, but it contains a rule where the number of
premises is exponential on the length of a “main” formula. Though inter-
esting theoretically, the latter result is dubious practicality because of this
exponential number of premises.

An alternative approach to common knowledge was developed in [Mc-
Carthy et al., 1979; Artemov, 2005]. The paper [McCarthy et al., 1979|
introduced the ‘any fool knows’ modality axiomatically and described their

epistemic Kripke-style models. Artemov’s approach was based the idea of on

IThere are, of course, tableau-based provers, but what they do is more of a semantical
proof
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introducing justification into formal epistemology and suggesting a new epis-
temic notion of ‘justified knowledge,” i.e., the knowledge of F' which is based
on efficient access to explicit evidence for ‘F.” As was shown in [Artemov,
2005], justified knowledge systems axiomatically coincide with the common
knowledge systems from [McCarthy et al., 1979]. Justified common knowl-
edge leads to stronger modalities and leaner axiom systems than traditional
common knowledge [Antonakos, 2006].

Systems of justified common knowledge from [McCarthy et al., 1979 and
[Artemov, 2005], based on the modal logics T and S4, enjoy cut-elimination
(cf. [Artemov, 2005]), which makes possible the use of automated proof
search in the area of common knowledge.

In Chapter [, we present an implementation of a proof search procedure
for a multi-agent system with justified common knowledge which produces
sequent-style proofs as its output. Basically, we again face the problem of
implementing a decision procedure that produces not only a yes/no answer
to the question of whether a given formula is valid, but which also has to
produce a full proof in case of a formula recognized as valid. The work is
based on the existing implementation for intuitionistic first-order logic in
MetaPRL [Schmitt et al., 2001].

While integer prover is an applied system tool, this epistemic prover in
its current form is more of a research tool. However, taking into account
the present and potential uses of common knowledge systems, this epistemic
prover may be regarded as a working prototype of a general-purpose com-

puterized epistemic tool.


http://metaprl.org/

Chapter 2

Proof Assistants

There is multitude of proof automating systems ranging from fully automatic
provers to proof assistants. The former are capable of treating only very lim-
ited (propositional and first-order) languages. The latter are general-purpose
systems that can be perceived as “proof processors with spell-checkers.” Like
an ordinary word-processor with a spell-checker helps you to write text while
catching trivial errors, a proof assistant helps you to write proofs while check-
ing their correctness.

All modern proof assistants are more or less influenced by LCF (Logic
for Computable Functions), a seminal paper |[Gordon et al., 1979]. It in-
troduced a functional metalanguage that can be used to combine primitive
reasoning /justification steps into more advanced patterns of reasoning called
tactics. Its another pivotal contribution is isolating a core proof-checker from

the rest of the system (using abstract data types). The latter guarantees that
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the correctness of proofs depends only on the correctness of the proof-checker
part of the system.

Some of the better-known proof assistants are:

e HOL |Gordon and Melham, 1993

Coq [INR, 2003]

Mizar| [Rudnicki, 1992

Isabelle [Paulson and Nipkow, 1990]

PVS [Owre and Shankar, 1997; Shankar et al., 1999

Twelf [Pfenning, 1994; Pfenning and Schuermann, 2002]

NuPRL [Constable et al., 1986]

MetaPRL [Hickey et al., 2003

The references cite the most recent canonical descriptions of which we are
aware.

The majority of proof assistants use a goal-driven derivation: instead
of deriving a theorem from axioms and already-established facts (forward
or bottom-up derivation), the user starts from the goal and “decomposes”
(refines) it down to axioms and/or established facts (top-down derivation).
This, of course, is more natural because one normally does not know in

advance the exact set of ground facts needed en route to the goal and the
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exact path from those ground facts to the goal. With the top-down approach,
at every moment a partial derivation is a tree with possible ungrounded
leaves. It becomes complete when all leaves are ground. With the bottom-
up approach, a partial derivation is a forest of ground trees; the problem here
is that it is possible to be left with some trees that are irrelevant to the goal

(resulting in wasted time).

2.1 HOL

HOL stands for (classical) higher-order logic. It uses predicate calculus with
terms from the typed lambda calculus. Historically, the main application of
the HOL system is the specification and verification of hardware. HOL is a
direct descendant of Edinburgh LCF. The first release of HOL was in 1988
and there are currently several versions of HOL (HOL88, HOL90, HOL9S8,
HOL Light, HOL 4) [Gordon and Melham, 1993.

2.1.1 Large mathematical formalizations in HOL

One can find the following areas of mathematics formalized in HOL: construc-
tion of real numbers, real analysis up to the fundamental theorem of calculus,
complex numbers up to the fundamental theorem of algebra, a weak form of

the Prime Number Theorem, floating-point arithmetic, etc.
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2.2 Coq

Coqis based on the Calculus of Inductive Constructions, extension of Girard’s
polymorphic A-calculus F,. It is targeted for specification and verification of

programs [INR, 2003].

2.2.1 Large mathematical formalizations in Coq

Coq has the following formalized theories: real analysis, constructive cate-
gory theory, elements of constructive geometry, group theory, domain theory,

fundamental group theory.

2.3 Mizar

In development since 1974 and aimed at reconstructing general mathematical
knowledge, Mizar| is based on the Tarski-Grothendieck axiomatization of set
theory. Unlike other proof assistants mentioned here, Mizar| is actually a

non-interactive proof-checker [Rudnicki, 1992].

2.3.1 Large mathematical formalizations in Mizar

There is a journal http://mizar.uwb.edu.pl/JFM/| devoted solely to the
formalizations of mathematics in Mizar. The Mizarl community formalized
the Jordan Curve Theorem for special polygons, and are in the process of

formalizing the general Jordan Curve Theorem and “A Compendium of Con-
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tinuous Lattices.”

2.4 Isabelle

Isabelle is a logical framework (though dubbed ‘generic proof assistant’),
meaning that it is not tightly bound to one specific logic. Different logics can
be defined using Isabelle’s meta logic Isabelle/Pure. The first release was in
1986. It now supports among others HOL, FOL, ZF, HOL with Scott’s Logic
for Computable Functions (domain theory) added, short examples of an ex-
tensional version of Martin-Lof’s Type Theory (ITT), Barendregt’s Lambda
Cube, and others [Paulson and Nipkow, 1990].

2.4.1 Large mathematical formalizations in Isabelle

Developments in Isabelle include Java formalization (type system, operational
semantics, type-safety, axiomatic semantics, etc.), and the Hahn-Banach the-

orem for linear spaces and for normed spaces.

2.5 PVS

Prototype Verification System (PVS) commenced in 1990 as an attempt to fill
the gap between theorem provers and proof checkers. This shaped the system
substantially; it has a very elaborate library of decision procedures and is used

for hardware and software verification. The PVS language is simply typed


http://isabelle.informatik.tu-muenchen.de/
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higher-order logic (as HOL) extended with subtyping, dependent typing, and
parametric theories, which makes it somewhat closer to Coq and NuPRL. It
is also the only non-ITT system that generates type-checking subgoals [Owre

and Shankar, 1997; Shankar et al., 1999).

2.5.1 Large mathematical formalizations in PVS

PVS| has the following formalized mathematical theories analysis, domain

theory, program semantics and graph theory.

2.6 Twelf

Twelf is a logical framework, a successor of EIf [Pfenning, 1994]. It supports
the LF logical framework [Harper et al., 1993] and the EIf constraint logic
programming. Twelf seems to be rather more a research tool than a proof
assistant with a well-developed library of definitions, theorems, and decision

procedures.

2.7 NuPRL

The project [Constable et al., 1986 started in 1979 and built around Martin-
Lof’s Type Theory (ITT). It is also aimed to program specification and ver-
ification. NuPRL is also a direct descendant of Edinburgh LCF.


http://coq.inria.fr/
http://nuprl.org/
http://pvs.csl.sri.com/
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2.7.1 Large mathematical formalizations in NuPRL

NuPRL has a number of formalized mathematical theories including but not
limited to constructive real analysis, computational abstract algebra (multi-
variate polynomial arithmetic, unique factorization domains), Girard’s para-
dox, extracting constructive content from classical proofs (Higman’s Lemma),

automata theory, and Turing machines.

2.8 MetaPRL

MetaPRL is the most recent development among the aforementioned systems;
the first paper on it was published in 1997. MetaPRL|is a logical framework
(again, more than one logic) with the main effort invested in Constructive
Type Theory; it also supports first-order logic, Aczel’s constructive set the-
ory, LF |Harper et al., 1993|, and others.

The MetaPRL project was initiated by Jason Hickey at Cornell University
to address scalability and modularity limitations of NuPRL| (at that time
MetaPRL was called Nuprl-light).

MetaPRL developed as a part of PRL project, and can be considered as
a direct descendant of NuPRL. The main design decisions that shaped Meta-
PRL were modularity and efficiency. As a result, MetaPRL has tested to be
over 100 times faster than NuPRL in major domains [Hickey et al., 2003)].
The MetaPRL engine can also be used in a distributed mode, which gives

super-linear speedup on a small number of CPUs.


http://nuprl.org/
http://nuprl.org/
http://metaprl.org/
http://metaprl.org/
http://metaprl.org/
http://nuprl.org/
http://metaprl.org/
http://nuprl.org/
http://metaprl.org/
http://metaprl.org/
http://metaprl.org/
http://nuprl.org/
http://metaprl.org/

CHAPTER 2. PROOF ASSISTANTS 14

2.8.1 Large mathematical formalizations in MetaPRL

Because MetaPRL is a relatively young system, it has only a few noticeable
formalizations. It has constructive abstract algebra both for CTT and CZF.

There is currently work in progress on a framework for verifiable compilers.

2.8.2 Derived Rules

Derived rules provide a mechanism that serves modularity. One can define
a data structure and specify several inference rules for it, thus providing
a logical interface to the data structure. These rules may be considered
primitive. Alternatively, a data structure might be defined be means of other
entities, and the mentioned rules should be proved admissible (in which case
we say that these are derived rules). Users of such data type would not be
affected by switching from primitive rules to derived ones or vice versa.
Derived rules are known to be more powerful than propositional state-
ments, e.g., certain induction principles in NuPRL are not expressible in

propositional form.

2.8.3 Computational Rewrites

MetaPRL supports not only inference rules but rewrites (reductions) as well.
Rewrites state an equivalence of two terms in any context. MetaPRL allows
derived rewrites and conditional rewrites.

Because of context independence, rewrite application is an order of mag-


http://metaprl.org/
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nitude faster than rule application.

2.8.4 Resources

Because of multiple (often incompatible) logics and modular implementation
of each logic in MetaPRL, it is almost impossible to make a general-purpose
tactic with hard-coded behavior that would behave correctly in every context.
The resource mechanism is the treatment for this problem. A resource is a
collection of data with inheritance over modules and per-theorem granularity
of scope control. For a given theorem, a resource exposes only those elements
defined in included modules or in a current module up to a current theorem.
Hence, a tactic that makes use of a resource always retrieve only data relevant
to the current location.

Most currently used resources are coupled with term storage designed
for fast term-pattern retrieval (discrimination trees). Applied to a given
term, such a resource retrieves data associated with the most specific pattern

matching that term within the current scope.

2.8.5 Resource Annotation

Rules and rewrites can be easily annotated for addition to particular re-

sources, e.g., annotation of rule gt2ge:

interactive gt2ge {| ge_elim |} ’H :

sequent { <H>; ’a > ’b; <J>; ’a >= b+ 1> ’C } -—>


http://metaprl.org/
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sequent { <H>; ’a > ’b; <J> >- °C }

where ge_elim instructs the arithmetical tactics to use this rule to convert
a >-relation to a >-relation (these tactics use > to represent all constraints
uniformly). This feature renders resources very declarative and easy to use,
though author of a resource has to provide some code in order for resource

annotations to work.

2.8.6 Generic Tactics

The resource mechanism permits the writing of tactics that do not depend
on a particular logic. Such tactics include term decomposition, term simpli-
fication rewriting, type-inferencing, and decision procedures.

Generic tactics simplify inclusion of new logics into MetaPRL because its
high-level infrastructure can be reused and an author of a new logic theory

can concentrate on specifics of the logic itself.

2.9 General-purpose logics used in proof as-
sistants

Logics used in proof assistants fall into two categories — set theories and
type theories. A very interesting overview of the latter can be found in

[Barendregt and Geuvers, 2001].


http://metaprl.org/
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2.9.1 Set Theory

Only Mizar uses set theory as its “main” logic, it is based on Tarski-Grothen-
dieck axiomatization which is equivalent to ZFC extended with the axiom
of existence of arbitrary large cardinals. |sabelle supports ZF, and MetaPRL
has constructive set theory as one of its supported logics (though ITT is
mainstream here) |[Aczel and Rathjen, 2001} |Aczel, 1986].

It is characteristic that the only proof assistant that is targeted for do-
ing pure mathematics is based on set theory; all other proof assistants that
are targeted (more or less) for applications lean towards more expressive
languages. The reason is that set-theoretic coding of objects is unfeasible in
practice, i.e., set theory cannot capture computations (and proofs as objects)

in a feasible way.

2.9.2 Higher-order logic with simply typed lambda cal-

culus

HOL is based on Church’s simple type theory with classical logic; it is a
higher-order logic. PVS uses a similar system with several extensions, e.g.

subtyping.

2.9.3 Calculus of Inductive Constructions

The calculus of constructions (CIC) is introduced in [Coquand and Huet,

1988] and in Barendregt’s cube [Barendregt, 1992]; it is a APw (or AC), i.e.,


http://mizar.org/
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polymorphic or second-order lambda calculus with types depending on types
and terms. There was an earlier version without hierarchy of sorts (universes)
that is known to be too strong — it becomes inconsistent with certain desired
extensions, e.g., with the strong dependent sum (X-type).

(Impredicative) inductive definitions [Paulin-Mohring, 1993; INR, 2003
were introduced later as a realization that coding of certain things in A\Pw
is not satisfactory, e.g., the predecessor function for natural numbers would
not evaluate in constant time.

The main disadvantage of the CIC is that it is not fully compatible with
the extensionality semantics. This is partly due to the separation of propo-

sitions and sets.

2.9.4 Intuitionisitc Type Theory

Intuitionisitc Type Theory (ITT) is a work by Per Martin-Lof [Martin-Lof,
1982; |Constable, 2002] and belongs to the constructive/intuitionistic tradi-
tion in mathematics, logic, and computer science.

Constructive Type Theory (CTT), the most developed “mainstream”
logic in MetaPRL), is a variation of I'TT.

ITT is a lambda calculus and enjoys the following features:

Types vs. sets of set theory: atype is not only a collection of objects but
also an equality over those objects. Two immediate consequences — the

same collection of objects may form more than one type (with different
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equality relations), and any object defined as parameterized by objects

of a certain type should respect equality of that type (functionality).

Propositions as types: propositions are considered to be types inhabited

with their witnesses.

Open endedness 1: the philosophy of ITT accepts not only definitional

extensions but axiomatic ones as well.

Open endedness 2: as a result of the latter, each type in ITT can poten-

tially be extended.

Type-checking

As was previously mentioned, most I'TT rules contain type-checking subgoals
(assumptions). Type-checking assumptions are needed because, in general,
the typing of terms is not decidable in ITT. Though almost all such subgoals
are proved automatically, the system still has to spend time on it.

This has a noticeable impact on the performance of tactics that carry out
lots of “in-theory” reasoning. For example, every time two commuting terms
are swapped, it remains to be proved that these terms have the appropriate
type. In consequence, the conversion of a polynomial to its canonical form,
even a relatively simple one, results in dozens to hundreds of type-checking
subgoals. We found that tactics that are potentially exponential in time often
consume much less time than the subsequent automatic proving of produced

type-checking subgoals.
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This means that one has to be careful while implementing a complex
tactic. One recipe is to do as much reasoning as possible “in a scrapbook”
and then expose only the very straight course of reasoning to the system.

Another possible solution could be some sort of reflection.

2.9.5 ITT vs. Classical Set Theory

The most important borderline is, of course, that ITT follows intuitionistic/
constructive tradition while Classical Set Theory is the classical logic.

As to the question of how the notion of set relates to the notion of type,
we know that Aczel’s Constructive Set Theory (CZF) |Aczel and Rathjen,
2001] is interpreted in ITT [Aczel, 1986, and CZF+EM (excluded middle)

proves the same theorems as ZF, more on this can be found in |Aczel, 1999).



Chapter 3

Automating Integer Reasoning

3.1 Axiomatization of Integer and Rational

Numbers in CTT

We began by defining numbers and their properties. After a number of
discussions with Alexei Kopylov, Vladimir Krupski, Aleksey Nogin, and other
NuPRL/MetaPRL experts, we reached a consensus about the set of axioms
[Bryukhov et al., 2003].

Before looking for a set of axioms, one has to choose either the integers
or natural numbers as a basic type (and later define the remaining type
via the chosen type). Defining natural numbers on top of integers is more
straightforward than the opposite approach. Moreover, we normally do not
think about integers as being constructed from natural numbers; on the

contrary, we think about natural numbers as a subtype of integers. For these

21
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reasons, we chose to use integers as a primitive type. We used a list of axioms

from [Chan, 1982 as a prototype.

3.1.1 Integers

Before showing any specific rule, it is necessary to mention that term equality
in CTT is always considered modulo a certain type. For example, we can
think about (2,4) and (1,2) as pairs, in which case they are not equal (in type
7 x 7.); on theother hand, we can think about them as representing fractions,
in which case they are equal (in type Q). Membership a € Z is considered a
shortcut for a = a € Z.

There are a number of decisions one has to make when choosing an axiom
system for integers.

The first choice we needed to make was whether or not to define the
arithmetical operators and types as primitive, postulating all the relevant
axioms, or to define everything through the existing constructors. For exam-
ple, we could have attempted to implement integers as Boolean lists (using
a binary representation of numbers). The choice we made is to try to choose
a set of axioms that would be universally true across all reasonable ways of
defining the arithmetical primitives. These axioms are added to the system
as basic postulates of type theory; however, at a later point we could derive
them from other type constructors (using MetaPRL's derived rules mecha-
nism [Nogin and Hickey, 2002]).

Another important choice that we had to make concerns the style of
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equality reasoning. There are two types of equalities in PRL type theory:

(A)

Two terms can be equal as elements of a certain type. For example,
two terms Ax.tq[x] and Az.ts[z] would be equal as elements of a type
A — B (written as ‘A\x.t;[x] = A\x.ty[z] € A — B’) if for equal inputs
of type A, t; and 5 produce equal outputs of type B. Note that two
terms could be distinct elements of one type and at the same time be
equal in another type — for example, \z.t[z] = Az.to[x] € Void — T

is true for arbitrary ty,t, and T', where Void is the empty type.

Finer-grained computational/definitional equality [Howe, 1989] spec-
ifies that two terms refer to objects that are not just equal but are
actually identical. For example, the terms Az.a[z]b and a[b] are com-
putationally equal (written as ‘Ax.a[z]b = a[b]’), as well as terms 1 + 2

and 3.

The equalities of the second kind are easier and more efficient to use. In PRL

type theory, we are always allowed to replace a term with a computationally

equal one; however we can only replace a term with an equal one when we can

prove that the context will tolerate the equalities of the given type. In other

words, to be allowed to replace C[t;] with C|[ts], it is insufficient to be able

to prove that t; = t5 € T'; we are also required to prove a well-formedness

assumption stating that C respects the equalities of type T'.

Not surprisingly, in our axiomatization we pick computational equality

over the equality in a type whenever possible. At the same time, we chose to
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still include the typing assumptions in most of the computational equivalence

rules. For example, the commutativity of addition rule is as follows:

F'FaeZ 'beZ

TF (atb) = bta) (add_Commut)

The assumptions look redundant in this rule (at least as long as the + opera-
tor is not overloaded). However, as we explained above, we want our axioms
to stay valid for different formalizations of integers. In particular, in the list
implementation of natural numbers (with the type of integers being defined
as a disjoint union of two list types and addition defined using recursion over
lists), the above rule will be provable only in the presence of the typing as-
sumptions, as we would need to know that a and b are lists in order to be
able to use their inductive properties.

We certainly want all arithmetic relations (=, <, >, etc.), to be decid-
able. In PRL type theory, there are two different ways of defining a decidable
relation. The straightforward approach is to define a predicate (e.g., a func-
tion returning a proposition) on numbers with an additional axiom stating
that this predicate happens to be decidable. The alternative is to postulate
an existence of a function on numbers that returns a Boolean result. To
better understand the difference between two choices, it is useful to keep in
mind that PRL type theory is constructive. A PRL proposition P is identified
with a type of all constructive witnesses for P; there can be many different

propositions, and the type of all propositions is a fairly complicated one. In
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contrast, PRL booleans is a 1-bit type containing just two Boolean constants.
While equivalent propositions could be very different, the booleans are com-
pletely transparent — if two booleans happen to be equivalent, they must

be identical. Because of the latter feature of the Boolean type, the rule

'FaceZ T FHbeZ T'kFcelk
'k(a <b = ((a+tc) < (b+0))

(It_addMono)

will be valid in different implementations of Z, as long as the < relation is
defined via a Boolean comparison function. But if < is defined directly as a
proposition, then the best that can be guaranteed is (a < b) < ((a+¢) <
(b+ ¢)), which is significantly weaker.

When implementing support for numerals, we could either take the tradi-
tional route of building all the numerals using 0 and the successor function,
or we could simply expose MetaPRL’s built-in numbers implementation. The
first approach looks more reliable (and trustworthy) since one needs only to
trust the proof checker; however, this approach is unbearably slow when one
wants to do actual computation using these numerals. The second approach
looks less reliable as built-in arithmetic now has to be trusted; however, one
might argue that it is not adding any new code to the trusted code base, but
is instead just exposing what is already a part of the prover. In the end, we
decided to implement the second approach.

Here is an outline of our axiomatization, with an overview of the classes

of axioms and some examples. The full list of axioms may be found in the
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listing of the MetaPRL theories [Hickey et al., , modules Itt_int_base and

Itt_int_ext].

(A) Typing properties:

_— t _of_Int
TF Zel, (type-of-Int)

t _of_ b
I' F number{n} € Z (type_of_number)

where number is the arithmetical numeral operator (e.g., number{n}

stands for an arbitrary numeral constant).

(B) Numbers are computationally transparent — two equal integers will

necessarily be identical:

I'Fa=0b €Z
''Fa=b

(intCongruence)

in other words, equal integer terms always evaluate to some identical
canonical form. It also means that Z has the most fine-grained equality

possible.

(C) Reduction of operations (and relations) on integer constants to meta-

level operations on integers, e.g:

duce_add_met
' F (number{i} + number{j}) = number{i+,, j} (reduce_add_meta)

where +,, performs addition of numeral constants using the underlying

internal arithmetic. This rewrite makes possible an evaluation from
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(F)

1+ 2 to 3.

Well-formedness of operations and relations. As with any new opera-

tion, we have to state a term of what type it constructs, e.g:

'ra=de€Z TFbL=VEZ
'k (a+d)=0b+V)eZ

(add_wf)

Equivalence of propositional and Boolean relations. These two rules

actually define =, for integers via equality in Z:

T+1(a=pb) Thra€Z TFbEZ

(beq_int2prop)

''Fa=beZ
where T (t) == (t =true € Bool).
'Fa=beZ

beq_int_is_t
['E (a=pb) =true (beqint.is-true)

As previously noted, we decided to define Boolean versions of =, <, etc.,
as primitives, and to express propositional inequalities using Boolean
ones. However, equality is so fundamental in PRL type theory that we
decided to have both Boolean and propositional equality as primitives

and have rules that constitute their equivalence.

Ring axioms — commutativity, associativity of + and *EL distributivity,

! As we write, the axiomatic definition of multiplication is being replaced with recursive
definition by means of addition. Thanks to|MetaPRL's derived rule mechanism, this process
does not really affect anything.
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properties of 0 and 1, e.g:

'acZ
't (a+0)=a

(add_Id)

Here, type condition on a is necessary because the rule establishes a
bidirectional equivalence relation and we, of course, do not want to

allow the replacement of an arbitrary term a with a + 0.

Axioms of <-order (< is irreflexive, transitive, asymmetric, discrete),

connection between < and arithmetic operations, e.g:

'raceZ T FHbeZ
' ((a <p b) Ay (b <y a)) = false

(It_Reflex)

I'raeZ T FbeZ
F'F ((a <p ) Vy (b <p a) Vy (@ =, b)) =true

I'raeZ T FOEZ
FEfe < b)=(e +1) = b)Ve(la + 1) <3 b))
(It_Discret)

(It_Trichot)

The first rule postulates irreflexivity of < relation, the second rule
states that < is a linear order, and the third postulates discreteness
of integers. These rules define properties of <; — the Boolean version
of the <-relation; the propositional version of < and other inequalities
are defined via it below; their properties are derivable from properties

of <.
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(H) Induction and definition of primitive recursion over Z:

U;n: Z, Alnl; m: Z, v: m < 0; z: Clm + 1] + C[|m]

T; n: Z; Aln - o]

Uy n: Z; Alnl; m: Z, v: 0 < m; z: Clm — 1] + C[m)]
Iy n: Z; Aln] B Cn]

(intElimination)
This rule is our formulation of the induction principle. We cover both
negative and positive numbers in a single rule, so we have two separate

induction steps.

The next rewrite is a part of the definition of ind — the primitive
recursion operation. We need two more (for zero and positive cases)

rewrites to define ind.

'xz<0

ind{x;1, j.downl[i; j]; base; k, Luplk; ]} =

down|z; ind{(z + 1); 1, j.downli; j|; base; k, l.up|k; (] }]
(reduce_ind_down)

(I) Expression of subtraction via negation; >, <=, >= via <; propositional

relations via Boolean relations (except equality), e.g:

(a — b) == (a + (—0))

(a < b) == (T(a < b))
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(a <p b) == (—(b < a))

(J) Inductive definition of integer division and remainder operations, e.g:

' 0<a T F 'ae€Z T'F belZ

a < b
't (a%b) = a

(rem_baseReduce)

3.1.2 Rationals

Sup-Inf is one of the decision procedures we will be discussing in this text; it
operates on the rational numbers domain, hence we had to define rationals
as well.

We define rational numbers as pairs of integers and positive integers

Q={(a,b) € Z*|(a=0Ab=1)V (b>0Agcd(a,b) =1)}.

All other properties of rational numbers (operations, relations, etc.) are
expressible via properties of integers.

For an arbitrary pair of integers (a,b) (with second integer non-zero), we
define rat{a; b} in such a way that it evaluates to a normalized representation

a
of B
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3.2 Normalization of Arithmetical Terms

In traditional decision procedures, a normalization step is usually performed
based on some representation of arithmetic terms that is internal to the pro-
cedure. By normalization we mean reduction of polynomials to a certain
canonical form. In our case, we need to perform an in-theory normalization
as well. It is necessary because it is probably the easiest way to establish
in theory that two terms are equal. Reasoning in theory, we convert both
to their canonical forms; if the terms were equal, then their normal forms
should be identical. In-theory normalization has a higher complexity since
commutativity and associativity rules normally only allow swapping neigh-
boring subterms. In-theory normalization also means having to work within
a fairly restrictive set of allowed transformations; this makes it noticeably
trickier than the “unsupervised” normalization with dedicated representa-
tion for arithmetic terms.

The canonical form of a polynomial is achieved by the following steps:
(A) Get rid of subtraction.

(B) Open parentheses using distributivity, move parentheses to the right
using associativity of addition and multiplication, perform the basic

simplifications (such as 0-a — 0, 1-a — a).

(C) In every monomial, sort (using the commutativity axiom) multipliers

in increasing order, with numerical constants pushed to the left (we
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put coefficients first because we later have to reduce similar monomi-
als). Multiply the constants if there is more than one numeral in one
monomial; but if monomial does not have a constant multiplier at all,

put 1 in front of it for uniformity.

(D) Sort monomials in increasing order, reducing similar monomials on the
fly. As in the previous step, numerals are pulled to the left (i.e., con-

sidered to be the least in the sort order).

(E) Get rid of redundant zeros and ones in the resulting term.

3.3 Decision Procedures

All procedures that we discuss here operate within Presburger arithmetic,
i.e., arithmetic of linear forms (or in other words, arithmetic without multi-
plication, 2z is a shortcut for x + x). Some of the procedures can establish
truth of any closed formula in Presburger arithmetic, some work only with
a universal fragment. For the latter procedures we will discuss systems of
inequalities without mentioning quantifiers at all. Some procedures are semi-
decision procedures, i.e., they can establish truth of some formulas but cannot
say anything certain about other formulas.

Whenever we want to establish the validity of a universally quantified
formula, we will reason by contradiction. We take the negation of original

formula and check whether it is satisfiable: if it is, then we say that the
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original formula is invalid (there is a counterexample), otherwise the original
formula is valid. The majority of methods convert a negated formula to
DNEF. We can think about each conjunction as a set of linear constraints: if
consistent, then the negated formula is satisfiable and the original is invalid.
If none of the constraint sets (each representing one disjunct of the DNF)
is consistent, than the negated formula is not satisfiable and the original
formula is valid.

There are integer programming algorithms solving the same class of prob-
lems, but usually these methods have high overheads related to converting
an original problem from symbolic form to a matrix. In practice, matrices
are very sparse and many integer programming algorithms do not utilize this
fact.

For the rest of this section, we are going to discuss several algorithms
in detail. All these methods are implemented in MetaPRL by the author,
excepting Cooper’s algorithm; the Omega Test implementation is still only

partial.

3.3.1 Arith/Nodesat

Arith [Chan, 1982; Hirschkoff, 1996] is the simplest and least-powerful proce-
dure we will discuss. It considers a system of inequalities to be a graph where
inequality * > y + n is interpreted as an edge from z to y with weight n.
Then, if there exists a cycle of positive weight m in the graph obtained this

way from the original system of inequalities, we can conclude by transitivity
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that z > 2z 4+ m for a vertex z from this cycle — a contradiction.
A positive cycle can be detected by modified Bellman-Ford’s shortest-
path algorithm.

The Arith procedure does not employ the monotonicity axiom

a>b c>d
a+c>b+d

in its general form and cannot prove it, hence the procedure is incomplete.

In Addition, it depends on particular forms of inequalities. Inequalities
x>y+nand (xr—t) > (y —t) + n are equivalent, but from Arith’s point
of view they are different as they produce different edges between different
pairs of vertices.

The complexity of the algorithm is O (n?).

3.3.2 Sup-Inf

Sup-Inf was first introduced by Bledsoe |Bledsoe, 1975 and was soon im-
proved upon by Shostak [Shostak, 1977|. Here is the core idea of the algo-

rithm:

Bledsoe: Pick a variable v that occurs in a given set of constraints, find
conservative estimates of lower and upper bounds L, U of v. If U < L
(termination condition), we conclude that the set of constraints at hand

is incompatible.
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This approach works naturally for linear constraints over a field, but we want
to decide arbitrary integer constraints. We can intensify the termination
condition to be [L| > [U].

This method can be further improved:

Shostak: If the termination condition does not hold, replace all occurrences
of v in constraints with any (preferably integer) value from [L; U]. Re-

peat previous steps.

Unfortunately, if at a given moment v was replaced with a non-integer value,
it is possible that although the termination condition was never met, the
original constraints are nevertheless incompatible.

The algorithm is exponential.

3.3.3 Cooper’s Algorithm

Cooper’s algorithm [Cooper, 1972] is a classic work in the field; it was the
first algorithm for deciding Presburger Arithmetic that designed for efficiency.
Although we are not going to implement it, we describe it here because it is
a baseline that was implemented by Michael Norrish [Norrish, 2003] in HOL.
It is interesting to observe its performance compared to other methods.
The method is complete for Presburger Arithmetic, i.e., it can establish
the truth of any closed formula. It is based on variable elimination. The
core of the method replaces formulas of the form Jx.F(z) with an equivalent

one that neither quantifies over nor contains x. Universal quantifiers are
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expressed via existential quantifiers. By applying the core method repeatedly,
we can eliminate all variables and simply evaluate the truth of the resulting
variable-free formula.

Unlike many other methods, Cooper’s algorithm neither requires conver-
sion of the formula at hand to disjunctive normal form nor requires conversion
of all arithmetical relations <, >, <, >, =, # to one “standard” relation.

First, consider a limited language with only three relations: <, divisibility
relation nly (n divides y evenly), and negated divisibility n t y (n does not
divide y evenly), where n is always some (specific) integer number. For this
simplified language, the core algorithm being applied to Jz.F(z) works like

this:
1minate all negations 1n F':
A) Elimi 1l negati in F

1. push negations all the way down to atomic formulas
2. =(a < b) becomes b < a+ 1
3. —(alb) becomes a1 b

4. =(a tb) becomes alb
Let us call this new formula Fj.
(B) Find the least common multiplier p of all coefficients of = in Fj.

(C) Multiply all relations in F} so that x has coefficient p everywhere (for-

mula Fy).
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(D)
(E)
(F)
(G)

(H)

Replace pz with o (formula F3).
We now have Jz.F(z) = Jx. F3(x) A plx.
Fyis F5(z) A plz.

Define F_ () to be Fy(x) with all relations of the form = < a replaced

with ‘true,” relations of the form b < x replaced with ‘false.’

Define § to be the least common multiplier of all @ and ¢ from a|x + b

and ¢tz +d.

We now have
B P
3o Fy(x) = \/ Few(i) v \/ Fy(b+ 7).

i=1 j=1 (b<z) from Fy

Proof:

Suppose the right-hand side is true. If the second part of it is true,
then we already found x that satisfies the left-hand side. If the first

part is true for some ¢, then
Fooli) = F (i — oK)
for any k by definition of F_,,. But for a sufficiently large k,

Fooo(i — 0k) = Fy(i — 6k),



CHAPTER 3. AUTOMATING INTEGER REASONING 38

hence there is an x that satisfies Fj.

Now, suppose that the left-hand side is true. And let x( to be such that
Fy(xo) is true. If zg is of the form b+ j for some (b < x) from Fj and
1 < j <4, then z( also makes true the second part of the right-hand
side. Otherwise, consider xy — 9; it can only change the truth of some

b < zin Fy. It means that b < x and

“(b<z—0)=x—-0<b=x<b+9,

i.e., x is of the form b+ j for some (b < z) from F; and 1 < j < 6.
This contradicts the assumption of our current case (that z is not of

such form).

Now, knowing that Fy(z) = Fy(z — §), we can repeat our analysis for
x — 0 (instead of x) and either find that it satisfies the right-hand side

or conclude that Fy(xz) = Fy(x — 26), etc.

Eventually, we will reach such x — ¢k that

Fy(x — 0k) = F_(x — 0k),

hence the first part of the right-hand side is true.
QED

We can easily update the algorithm to support other arithmetic relations.

For this, we need to understand which relations impose lower bounds and
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which do not. Then we update the definition of F_., accordingly. For ex-
ample, x = a should be replaced with | and x # a should be replaced with
T.

If the number of upper bounds is less than the number of lower bounds,
then we can use a dual translation that uses F,, and iterates over upper

bounds:

0 0

3o Fy(x) = \/ Foo(—i) v \/ Fy(a — 7).

i=1 =1 (z<a) from F4

Cooper also suggests some technique of reducing the number of disjuncts
produced by quantifier elimination for the case when the original formula is
in a prenex form with all quantifiers, either existential or universal. We will
not describe it here (see [Cooper, 1972]).

The algorithm is superexponential (as is any complete algorithm) because
of the lower-bound complexity of Presburger Arithmetic. Every nondeter-
ministic Turing machine that decides Presburger Arithmetic requires at least
22" time to decide the truth of a PA formula of length n for almost all n
[Reddy and Loveland, 1978; [Fischer and Rabin, 1974]. The known upper

enlgn

bound for Copper’s algorithm is 2%° in deterministic time for a formula

of length n and some constant ¢ > 1 [Oppen, 1973).
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3.3.4 Fourier-Motzkin’s Variable Elimination

This is a “natural” method of solving systems of linear equations and in-
equalities, that have been familiar since high school. First we transform all
constraints to the >-relation. Then we pick a variable v and transform all
inequalities to either v > L; or U; > v. Each pair of upper and lower bounds
of v is replaced with U; > L; (here we might face a quadratic explosion of
the number of inequalities). All “old” inequalities containing v are removed
from our set of constraints. At this moment, v is eliminated and we pick an-
other variable and repeat the elimination process. Eventually, no variables
are remain and all inequalities contain only numbers (therefore their truth
value can be easily evaluated).

This algorithm, as Sup-Inf, performs naturally on fields. For rings (integer
numbers), there is a fix which makes the method applicable. Rings do not
have division, hence we cannot transform all inequalities to forms v > L; or

U; > v. But we can get c;uo > L; or U; > d;v. For each such pair:

Uj 2 djv cv > L
Cin Z cidjv cidjv Z d]Ll

Cin Z d]LZ

The resulting inequality is free of v. As before, we can apply this transfor-
mation to all pairs of lower and upper bounds of v and eliminate v from the

system of inequalities completely.
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Unfortunately, this transformation could expand the set of integer solu-
tions, resulting in integer solutions of ¢;U; > d;L; that are not divisible by

c;dj, thus such solutions do not belong to the original system.

3.3.5 Omega Test

Omega Test [Pugh, 1991] is an improvement of Fourier-Motzkin’s variable
elimination process that makes the algorithm complete. It is at least expo-
nential in the worst case. There are several special subclasses of problems
for which polynomial algorithms exist; for those cases Omega Test is known
to perform polynomially as well.

We can think about variable elimination as a process of projecting an
n-dimensional polyhedron to the (n— 1)-plane. On this projection, not every
integer point has an integer counterpart in the original n-dimensional poly-
hedron. We can define a subset of projection called the dark shadow such
that every integer point in it is guaranteed to have an integer prototype.

Suppose there is a solution for

CZ'Uj Z djLz

but no solution for

Cin 2 Cidj?] 2 dle

because there is no multiple of ¢;d; between ¢;U; and d;L; (¢; and d; are
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positive integers). Let k = |U;/d;|. Then

Cidj(kf + 1) > CZ‘U]’ > d]Ll > Cidjk‘.

From this, ¢;d;(k+ 1) — ¢;U; > ¢; and d;L; — ¢;djk > dj; their sum is:

Cidj(k + 1) — CZ'U]' + dJLl — Cidjk 2 C; + dj

v

(Cidj(k' + 1) — Cidjk') + (djLz — Cin> C; + dj

Cidj —+ (dle — Cin>

v

Ci—i-dj

Cidj — C; — dj > Cin — dJL,L

42

This is what we have if there is no integer solution for v; if we have the

opposite:

Cin — dle Z Cidj — C; — dj + 1

, we know that there must be solution for v. Keeping in mind that

Cidj—Ci—dj—Fl: (CZ—1>(CZ]—1)

, we say that the dark shadow is:

Cin — d]LZ 2 (Ci — 1)(dj — 1),

and it is equivalent to the real shadow if ¢; =1 or d; = 1.
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If we did not find integer solutions in the dark shadow but have some in
the real shadow, we need to perform a more accurate analysis of the situation.
The real shadow minus the dark shadow falls into several pieces; if there is
an integer point in one of them, it must be not far from one of the lower
bounds of v because all integer points that are too remote will be included in
the dark shadow. Such an integer point would satisfy c;v = L; + k for some
1 and some small, non-negative k. Let us see what the bounds are for k.

From [4], we have

Cidj — C; — dj + dJL,L Z Cin

; together with U; > d;v, we have:

cidj — ¢ —d; +d; Ly > ¢U;j
cU; > cdjv
cidj — ¢ —dj +d;L; > cdjv
cdj —c;—dj+d;L; > d;j(L; + k)
cd; —c; —dj+d;L; > d;L; +d;k
cidj —c;—d; > djk

So we pick some upper bound U; > d;v, and then for each lower bound
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c;v > L; and k in range

<re|BhTah|
S a
add ¢;u = L;+k to the constraint set and check satisfiability for this extended
constraint set. If none of the extended constraint sets is satisfiable (and we
did not find solutions in the dark shadow), then our constraint set is not
satisfiable.

We call these extended constraints ‘splinters.” Because splinters have zero
thickness, they have empty dark shadows. This means that if the real shadow
of a splinter contains integer solutions, we have no choice but to use splinters
again. And far as we know, the only way to fight this case explosion is to
eliminate equality constraints by solving them (rather than producing more
splinters).

Our equalities are Diophantine (integer) equalities; we can solve them
using general methods for solving Diophantine equations (e.g. [Banerjee,
1988]), or use the technique suggested by Pugh [Pugh, 1991], which we will
describe here.

First we define an operation

amodb=a—b [E-‘
b
which can be thought of as a signed reminder operation — it is either a mod b

or (amodb) — b, whichever absolute value is smaller (so ]an/l(;ib| < %]).
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Note that

(amod b) mod b = amod b.

For an equation
n
E a;T; = 0
i=0

, we define m = min;—o_, |a;| + 1 and a new integer variable ¢ such as:

mo = Z(ai H/lo\dm):vi.

1=0

Such an integer o exists if the original equation is satisfiable, because a; —
(a; rHo\dm) is divisible by m for each 1.
According to the way we defined m, there is k such that m = |ax|+ 1 and

—

ar modm = —signa,. We can express x; from

xp = —(signag)mo + Z(sign ar)(a; rﬁ&im)xz
ik

and eliminate z; from all constraints.

The constraint we started with will evolve into:

Z a;x; + ap(—(sign ag)mo + Z(Sign ax)(a; H/lo\dm)xi) B
gl itk
laklme + > ~(a; + x| (a; modm))z; = 0
itk
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remember that |ax| =m — 1:

|ak|m(f—l—z (a; modm)) +m(a,~r§&im))$i =0
i#£k

and a; — (a; IEO\dm) is divisible by m, so we can divide this equation by m:

i /\d —
lag|o + Z ( (a; mod m) + (a; modm)) z; =0,

£k

which actually reduces coefficients of the remaining x;-s by two-thirds.

By doing so several times, we will reduce some coefficient to 1, and we
eliminate the appropriate variable, thus reducing the number of variables
occurring in the constraint set.

As an heuristic, we can start from an equation that contains a coefficient
of the lowest absolute value. By doing this, we hope to get coefficient 1 as
soon as possible, and we can also stick with that one particular equation
because after elimination of some x; and injecting a new o, we will have a

coefficient with the smallest absolute value in the same (modified) equation.

More Optimizations and Heuristics

The original description of Omega Test [Pugh, 1991] suggests a number of
heuristics to improve overall performance of the method. We found some of

them useful, some of them — not:

e The use of vectors (arrays) to represent linear forms (including equa-
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tions and inequalities). As an alternative, we attempted to store linear
forms in splay trees. Our tests splay trees performed a little better,
which we attribute it to the fact that constraints were sparse and some
operations on linear forms require the full scan of a container (array or

splay tree).

e Some variables might have only upper (or only lower) bounds. We can
remove these variables and all constraints that contain them. It makes
sense to perform this check on each iteration of (Fourier-Motzkin) vari-

able elimination.

e All constraints are stored in a hash table where keys are normalized
vectors/lists of coefficients excluding a constant term. By doing so,
we can easily detect redundant constraints like ¥ > 5 and F' > 7 and
eliminate the weaker ones. They also use a custom hashing algorithm
to guarantee that opposing constraints F' > n and F' < m receive

opposing hash keys. (We have not tried such custom hashing yet.)

Even without custom hashing, a hash table allows for efficient detection
of opposing constraints. We use it to detect incompatible constraints

F >n and F <m when m < n, and equalities when m = n.

e Before even computing hash keys, we normalize the constraint. To
normalize a constraint is to divide it by d = ged{¢;|i = 1...n}. For
equality, if d does not divide ¢y evenly, we can immediately conclude

that constraints are incompatible. For inequality, if d does not divide
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co evenly, we replace ¢y with |¢o/d] (along with dividing all other coef-
ficients of the constraint). This tightens the constraint in a real domain

but leaves the set of integer solutions unchanged.

We introduced one more major optimization. As previously mentioned,
before running Omega Test per se, one has to convert the original problem
to its DNF with > and = relations only. Certain constraints invest in a
number of disjuncts, say a #b = (a > b+ 1)V (b > a+ 1), so # doubles
the potential number of disjuncts. Suppose that we used Omega Test for
the disjunct Dy where a > b+ 1 occurred and it did not use the particular
constraint a > b+ 1. In this case, its dual disjunct Dy with b > a + 1 need
not to be solved because the solution we have for D; will work for D, as well.

Our tests indicate that such pruning of the problem space reduced the

total running time by several times.

3.4 From Decision Procedures to Tactics

Traditionally, decision procedures provide an answer as to whether or not
a certain closed formula in a certain language is true or false. ‘Tactic’ is
an historical name for a piece of code that evaluates to a composition of
inference rules in a certain logical system, i.e., each application of a tactic to
a complete set of arguments produces (or fais to produce) a derived rule. It is
clear that the result of a tactic merits much more confidence than the result

of a decision procedure (given that axioms and primitive rules are decidable
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sets).

Fortunately, there are some methodologies for converting decision proce-
dures to tactics. What is probably the first work on this topic can be found
in Boulton’s Ph.D. thesis [Boulton, 1994]; more on this topic can be found in
[Harrison, 1994; Harrison, 1996 Norrish, 2003]. We can easily identify three
approaches (described below), but in some cases, specialized techniques are
used that do not fall under any of these general approaches [Schmitt and

Kreitz, 1995} [Schmitt, 1999).

3.4.1 Proof by Evidence

In certain cases, a decision procedure produces some evidence of the correct-
ness of the result. Such an evidence can often be used to construct an actual

proof of the correctness of the result.

Arith/Nodesat

Arith finds a positive cycle, i.e., a set of inequalities; summed, they produce
a contradictory inequality. Hence it is enough to perform this last step inside
the logical system at hand — sum up the contradictory inequalities and prove

that the result is a contradiction.
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3.4.2 Proof of Proforma Theorem

One can prove within a logical system (in which we want to generate formal
proofs) that a given decision procedure is indeed correct. Although this
approach always works in theory (given that the logical system is strong

enough), there are number of disadvantages:

(A) Proving such a theorem formally can be a quite complex and/or tedious

task.

(B) Decision procedures are usually used to automate reasoning about cer-
tain classes of problems in a proof assistant. But when proving such
a proforma theorem, it is necessary to reason about this same class
of problems without the automation one seeks to implement (which is

simply not yet available).

(C) Later on, it will be necessary to use (execute) this formalized version
of the decision procedure; it is often substantially less efficient than its

non-formalized version.

Omega Test

As was previously mentioned, the splinter part of this method was imple-

mented in HOL using a proforma theorem by [Norrish, 2003].


http://www.cl.cam.ac.uk/Research/HVG/HOL/
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3.4.3 Proof Script of Proforma Theorem

Sometime it is too difficult to prove a proforma theorem, but relatively easy
to prove its instances for each particular problem (for example, a proforma
theorem might use very complicated inductive reasoning, but for each partic-
ular problem, one can avoid induction by using iteration of similar reasoning
steps).

This approach seems easier than the previous one, but it could be less

efficient in certain cases.

Sup-Inf

Each decision step of Sup-Inf can be substantiated by a certain derived rule
(and the set of rules needed is finite). We do not need anything else to
prove its result correct: memorize the whole trace of Sup-Inf’s reasoning and
convert it to a proof tree. It does not hurt to prune dead-end branches as

you construct the proof tree.

Fourier-Motzkin’s Variable Elimination

Each step of this process has an obvious supporting rule.

Omega Test

Fourier-Motzkin’s Variable Elimination is a substantial part of Omega Test.

The remaining parts — solving equalities, dark shadow, and splinters can
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also be treated on a case-by-case basis with proof scripts (i.e., without the
need to prove a generic proforma theorem)
Cooper’s Algorithm

In [Norrish, 2003], Cooper’s Algorithm was implemented via re-proving pro-

forma theorem for each individual problem.

3.5 Discussion

We currently have working implementations of Arith, Sup-Inf, and partial
Omega Test. Here is the comparison of our implementations with similar

work in Coq (no publications known) and HOL| [Norrish, 2003 :

System Method Time, secs | Proved/30
MetaPRL Arith 2.5 8
MetaPRL SuplInf > 240 777
MetaPRL Omega 9+16 29

Coq Omega 14 29
HOL ARITH_TAC 145 29
HOL Omega 156 29
HOL Cooper > 1200 777

Tests were run on Pentium III 866 MHz, 133MHz FSB, 512 MB RAM, Win-
dows XP Pro Service Pack 2.


http://coq.inria.fr/
http://www.cl.cam.ac.uk/Research/HVG/HOL/
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HOL-Omega is a full implementation of Omega Test; Coq-Omega is an
incomplete implementation of approximately same proof power as MetaPRL-
Omega.

MetaPRL-SupInf consumed all available physical memory (512 MB) after
four minutes, at which point we stopped it. We must say that while imple-
menting Omega Test, we introduced several optimizations that substantially
improved Omega Test’s performance; they were not backported to Sup-Inf
implementation.

HOL-Cooper ran for 20 minutes and did not terminate, so we stopped it.

We also tried to combine Arith with Omega (try Arith first; if it fails, use
Omega) but it did not show any improvement, which means that in detecting
“easy” cases, Omega is as effective as Arith.

Our implementation of Omega Test, depending on the actual problem,
spent 5 to 95 per cent of the time proving type-checking subgoals, the task
unique to I'TT. In our test cases, nine seconds were spent on deciding and
proving validity and 16 seconds on type-checking, which MetaPRL’s main
competitor, Coq, does not do at all.

Omega Test and Sup-Inf perform somewhat similar reasoning, but Omega
Test has a much simpler iterative structure (in contrast to the highly recur-
sive structure of Sup-Inf) that allows for early detection of incompatible con-
straints. So even in the worst case, they have similar complexity; in practice,

Omega Test will probably always outperform Sup-Inf.
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In HOL, the implementation of Cooper’s algorithm is inferior to the im-
plementation of Omega Test. This probably happens for the same reason —
the lack of earlier detection of contradictions. Note that in HOL| they are
implemented by the same person, probably within the same time period.

One can argue that since the implementation of Omega Test in HOL is
complete, it excuses its lower-level performance in comparison with incom-
plete versions in |(Coq and MetaPRL. Final measurements do not include the
only test case that is not a valid (true) formula, so it could not add to HOL-
Omega running time. All other test cases do not need dark shadows and
splinters in order to be solved, so all implementations had the same amount
of work to be done. Although the complete implementation could have a
higher footprint, it does not explain an order-of-magnitude difference in per-

formance.


http://www.cl.cam.ac.uk/Research/HVG/HOL/
http://www.cl.cam.ac.uk/Research/HVG/HOL/
http://www.cl.cam.ac.uk/Research/HVG/HOL/
http://coq.inria.fr/
http://metaprl.org/

Chapter 4

Prover for Logic with Justified

Common Knowledge

In this chapter, we present an implementation of a decision procedure for a
multi-agent logic with justified common knowledge. As is true of all other im-
plementations presented in this thesis, it produces not only a yes/no answer
but also a sequent-style proof if the formula is found valid.

With a certain amount of good will, we can say that in the proof recon-
struction we use the ‘proof-by-evidence’ technique. We say this because the
search space, which has to be explored in order to establish the validity of a
formula, is huge compared to the actual proof of the formula. The procedure
sorts through different systems of equations trying to solve them. A solved
system is an evidence of the validity of a formula and has some relevance to

the final proof, whereas the whole previous search is irrelevant to the proof

95
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of a formula’s validity.

4.1 Evidence-Based Knowledge

Philosophers have pondered over the nature of knowledge for ages. Plato de-
fines knowledge as justified true belief. The modal logic approach to knowl-
edge, developed in [Hintikka, 1961; Hintikka, 1962], captures the true be-
lief components of Plato’s tripartite definition. The justification component
was introduced into formal epistemology in [Artemov and Nogina, 2005b;

Artemov and Nogina, 2005aj; Artemov, 2004].

4.1.1 Common Knowledge

Common knowledge is a standard notion in formal epistemology. If K; (i =

1,...,n) are knowledge operators of individual agents and
Eo =KipA... AKyp,
we can informally define common knowledge as:
Cop—=@NEA...AETOA ... .

The standard way of defining common knowledge axiomatically is via the
Fized-Point Axiom:

Co < E(p A Cyp)
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together with the Induction Rule:

o — E( A )
o —Cp

This formalization does not behave well proof-theoretically; in particu-
lar, the above axiomatization does not admit cut-elimination [Alberucci and
Jager, 2005, hence an automatic proof search becomes problematic. [Jager
et al., 2005] gives an alternative axiomatization that does not use cut at all,
but contains a rule with a number of premises exponential on the length of
a “main” formula. Though interesting theoretically, the latter result is of

dubious practicality because of this exponential number of premises.

4.1.2 Evidence-Based Axiomatization

Instead of the modal operator of common knowledge, we consider an explicit

evidence operator t : ¢ to stand for

t is an evidence for ¢

[Artemov, 1994; |Artemov, 1995 |Artemov, 2001; Artemov, 2005]. Here ¢ is
an evidence term (evidence) constructed from possibly subscripted constants
a,b,c, ..., possibly subscripted variables z,y, z, ..., binary operations - (ap-
plication, composition of evidence) and + (union, alternative evidence), and

unary operation ! (inspection, verification of evidence).
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The following is a grammar for formulas:

p=L[S|le—vlongleVe|p|Kelt:p
with S standing for a sentence variable and ¢ for an evidence term.
Axioms and rules of T,,LP:
(A) Classical propositional logic

1. Ten axioms from Kleene [Kleene, 1952] or similar system

2. Modus Ponens

(B) Agents’ knowledge principles (usual for logic T)

L Ki(p — ¥) — (Kip — Kit)

3. F

o8

SN 2 internalization of knowledge

(C) Evidence principles (usual for LP)

Lt:(p—=t)—(s:p—(t-s):1) application
2.t p =ttt inspection
Jotip—=(t+s):p,t:o—(s+t):¢p union
4. t:p— ¢ reflexivity

D. oA where A is any axiom from this list and c is any evidence

constant
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(D) Connection between knowledge and evidence
1. t: ¢ — K;p, for any agent @

S4,LP is T,,LP extended with the axioms K;p — K;K;p.
S5, LP is S4,,LP extended with the axioms —K;p — K;=K;p.
All three systems are closed under substitution of evidence terms for

evidence variables and formulas for propositional variables.

The following theorems hold for T,,LP, S4,LP and S5, LP [Artemov, 2005]:

Internalization property. Given F ¢, there is an evidence term ¢ such

that ¢ : ¢.

Lifting lemma. If ¥1,..., ¢y, y1 : X1,.-.,Yq © Xq F ¢, then there is an

evidence term p(z1,...,%p, Y1, .- .,Y,) such that

xl:¢17"'7xp:wp7yl:Xla"'ayq:Xql_p<x17"'7xpay17"'7yq):(10'

Common Knowledge relevance. For any evidence term ¢ the Fixed-Point

Axiom of common knowledge:

t:p—E(@At:p)

is derivable in T,LP, S4,LP and S5,,LP.
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4.1.3 Justified knowledge modality

Forgetful projection ()° of evidence operators:

t:p—Jp

replaces t : ¢ by Jo. As was shown in [Artemov, 2005], J is a new modality
which behaves like an S4-modality. The resulting systems T, S4), and S5)
are basically T, S4,,, and S5,, augmented by a copy of S4 with the modality

J and the undeniability of evidence principle:

Jo — K.

Forgetful projections enjoy the following properties |Artemov, 2005:
Projection. (T,LP)° C T/, (S4,LP)° C S47, and (S5,LP)° C S5..
Cut-Elimination T and S4 enjoy cut-elimination.

Realization theorem. There is an algorithm that given a T/-derivation
(S47 /S57_derivation) of ¢ , retrieves a T, LP-derivation (S4,LP /S5, LP-

derivation) of some ¢ such that (¢)° = .

Fixed-Point Axiom The justified knowledge modality J satisfies the Fixed-

Point Axiom of common knowledge for each of T? S4) and S5;:

Jo <= E(p A Jy).
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Connection with Common Knowledge. Each evidence-based principle

is a common knowledge principle but not vice versa:

(S4,)" C (S4;)

(S4,)° # (S47)

where ()* replaces all occurrences of J with C.

Hence Justified Knowledge is a well-behaved, constructive version of Com-
mon Knowledge, which can be used as the latter in solving specific problems
(cf. |Artemov, 2004]).

Epistemic systems with common knowledge T2, S4) and S5 were first
introduced by [McCarthy et al., 1979] axiomatically as the knowledge of
a dummy sceptical ‘fool,” without any connection to justified knowledge.
Artemov’s studies of evidence-based knowledge in |[Artemov, 2004; Artemov,
2005) led to the notion of the justified knowledge of ¢ as knowledge when
an agent has an access to an evidence of ¢. It turned out that the axiom
systems for McCarthy’s ‘any fool knows’ modality and Artemov’s justified
knowledge modality coincide.

In this chapter, we describe an implemented automatic proof-search pro-
cedure for S4) which produces cut-free proofs. Given a cut-free proof in
S4) one can use the Realization Algorithm to recover evidence terms in this

proof.

We formalized the Wise Men and Muddy Children puzzles [Fagin et al.,
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1995], which our S4.-prover automatically proved. The Muddy Children
Puzzle was formulated in several flavors for four children, and depending on
its formulation, the proof search and verification times varied from under one
second to 90 seconds.

Our S47-prover is based on existing implementation for intuitionistic log-
ics. The cases of T and S5 as the base knowledge systems, rather than, S4
are left for future work. The Realization Algorithm is currently implemented
for S4, but we leave it outside the scope of this thesis since we still need to

extend it to the full S4) and connect it to our S4;-prover.

4.2 Pre-existing Code for First-Order Intu-
itionistic Logic

We based our work on the existing code of the J-prover in the MetaPRL logical
framework |[Schmitt et al., 2001]. The implementation is based on a uniform
algorithm and matrix characterization for the first-order intuitionistic logic
J, the modal logics K, K4, T, S4, S5, and fragments of linear logic [Otten
and Kreitz, 1996b; Kreitz and Otten, 1999]. It also contains an algorithm
for conversion of an existing matrix proof into a sequent proof [Schmitt and

Kreitz, 1995; Kreitz and Schmitt, 2000; [Schmitt, 1999].

Note that J here stands for first-order intuitionistic logic and has nothing

to do with ‘J” in S4? where it stands for “justified” S4-modality.


http://metaprl.org/
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The code we started from supported only the first-order intuitionistic
logic J, whereas we were interested in classical modal logic. We generalize

the matrix characterization of S4 to 547

and extend that code to support
matrix proof search and sequent proof reconstruction for S4;.

We also improve the prefix unification algorithm [Otten and Kreitz, 1996al,
which is an important part of the matrix proof search algorithm: on some
problems it consumes as much as 99% of the total proof search and construc-
tion time. The unification is used iteratively with incremental extension of
the equation system. The original algorithm solved new systems from scratch
each time. We modified it to reuse the information obtained from the previ-
ous iteration in the next iteration when one more equation was added. For
systems with a unique most-general unifier, one has only to retain the unifier
which itself represents the solved system. Unfortunately, prefix unification
problems do not have unique solutions but rather minimal sets of unifiers.
Naturally, not all members of a unifier set U for system S survive as members
of a unifier set for system SUp =q.

The algorithm terminates when any unifier is found, but its full state
contains the partially explored decision tree which we are required to retain
for the next iteration. Passing the unexplored part of the decision tree from
iteration to iteration reduced the running time by at least an order of mag-

nitude on difficult problems.
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The rest of the chapter is organized in the following way. In Section [4.3]
we introduce the matrix characterization of logical validity for propositional
classical logic [Bibel, 1981; Bibel, 1987; Andrews, 1981]. In Section , we
extend this notion to S4 [Wallen, 1990]. Section contains our extension
of the matrix method to S47, and Section describes modifications to the
prefix unification algorithm, which is a part of matrix method. Section
briefly describes the main ideas of matrix proof to sequent proof conversion
[Kreitz and Schmitt, 2000; [Schmitt, 1999] and our modifications to enable
support of S4). And finally, Section [4.8|describes the Muddy Children Puzzle

and its computer-generated solution.

4.3 Matrix Characterization of Logical Valid-
ity

The connection method was introduced in [Bibel, 1981; Bibel, 1987] for clas-
sical logic. In [Wallen, 1990], it was extended to a number of non-classical
logics. Kreitz et al suggested a uniform algorithm for a variety of modal
logics, intuitionistic logic, and fragments of linear logic [Otten and Kreitz,
1996b; Kreitz and Otten, 1999]; described a uniform method of reconstruc-
tion of Gentzen sequent proofs from matrix proofs [Schmitt and Kreitz, 1995}
Kreitz and Schmitt, 2000; Schmitt, 1999]; and implemented it for intuition-
istic logic in the MetaPRL proof assistant [Schmitt et al., 2001].

In this section, we will introduce the basic concepts of matrix method
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and describe logical validity in these terms. We will limit our attention to
the propositional case because our target logic S47 is propositional.

A formula tree of a formula F' is basically its syntax tree. Each node s
corresponds to one particular subformula F;. We give unique names ay, as, . . .
to each node and call them positions. A label of a position s is the major
(outermost) connective of F or is itself Fy if it is atomic. In the latter case,
s is called atomic position or simply atom. The tree ordering < on positions
is induced by the tree structure where the root is the smallest element with
respect to this tree ordering <.

Each position is associated with polarity in a standard way with the root
having polarity 0.

The principal type Ptype(u) of a position u is defined by its label and

polarity according to the following table:

principal type « (ANB)' | (AVvB)? | (A— B) | (=A)' | (-A)"
subformulae polarities | A!, B! A° BO Al B° A° Al

principal type 3 (ANB) | (AVvB)' | (A— B)!

subformulae polarities | A°, B° Al Bt A B!

Atomic positions have no principal type.

Definition 1 For a principal type t, we say that two positions a and b of F
are t-related (a ~; b) if the <-biggest position ¢ of F' that is less than a and
b has principal type t (c = max{z |z <a N x <b}). a is t-related to a set

S iffa~y s foralls e S.
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Definition 2 For each principal type t, there are secondary types tg, ..., t;
where k is the arity of connectives that produce type t. For position u of prin-
cipal type t, its <-successors have secondary types t; according to their relative
order as arguments of u. We denote the secondary type of a position v as

Stype(v). The root has no secondary type.

The matriz(-representation) of a formula F' is a two-dimensional represen-
tation of its atomic subformulae without connectives (but with parentheses);
it is mainly used for illustrative purposes. In this representation, a-related
positions are arranged side by side; (-related positions are arranged one on

top of another.

Example 1 The matrixz representation of the formula —((—AV —C) A ((A A
B)V (BAQ))) is:

AV (A* B

C° (B! C")
Definition 3 A path through a formula F is a maximal set of a-related
positions. It can be visualized as a maximal “horizontal” line through the

matriz of F' (or more precisely, a mazimal line that never runs vertically).

Definition 4 A connection is a pair of positions with the same labels but

opposite polarities.

Theorem 1 A propositional formula F is (classically) valid iff every path

through F' has a connection.

A proof of this theorem (first-order case) can be found in [Bibel, 1987].
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4.4 Matrix characterization for S4

The matrix characterization for S4 was given in [Wallen, 1990|]. For this, we
need to add two extra principal types v, 7 for modal positions; define prefixes
and unification over them; define multiplicity and what is an indexed formula;
and define complementary connections and admissible substitutions.

We will use only one modality O because < has no explicit counterpart
in the logic of knowledge with justification in which we want to realize S4;-
theorems.

Two new principal types are defined according to the table below:

principal type v | (OA)!

subformula polarity | Al

principal type 7 | (OA)°

subformula polarity | A°

We denote the set of all positions of primary type v as V, of primary type
7 as 11, all positions of secondary type vy as V,, and of secondary type my as

I,

Definition 5 For a position u, the modal prefix pre,,(u) is a stringu; . . . u,

of all positions uy < us < ... < u, < u such that u; € Vy Ully.

Definition 6 The modal substitution o : Vy — (Vo UIly)* induces a relation
CuC VoUIly) x Vy: if op(u) = p, then v T u for all v € Vo UTly occurring

m p.
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In other words, 1-positions are considered to be variables and my-posi-
tions are considered to be constants. All positions in the result of o(u) are

less than u with respect to the ordering induced by o.

Definition 7 A modal substitution o is S4-admissible iff the induced re-

duction ordering < = (< U )" is irreflexive.

In S4-tableaux, v-formulae can be used several times to populate several
prefixes (worlds); in order to reflect it in the matrix characterization, we
introduce the modal multiplicity p : Vo — N and define the indexed formula
F* which is just a pair — a formula with a multiplicity function over it. A
position u € V has p(u) instances of its successor trees with root v, u <
v. Whenever we refer to an indexed formula, we imply that positions are

duplicated according to the multiplicity function.

Definition 8 A connection {u,v} is complementary under a substitution
o iff o(pre(u)) = o(pre(v)). A path is complementary iff it contains a com-

plementary connection.

Definition 9 A set of connections C' spans the formula A iff any path

through A contains some connection from C.

Theorem 2 A formula is S4-valid iff there is a multiplicity v, an S4-admissible

substitution o, and a set of o-complementary connections C that spans A

[Wallen, 1990).
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4.5 Matrix Characterization of S47J,L

S4) can be described as n modalities K; with S4 behavior, modality J with

S4 behavior, and the connection axiom schema
Jp — K;p, for all 7. (1)

To extend matrix characterization from singular S4 to several such modal-
ities, one has to label tree positions with the appropriate modalities and make
such positions incompatible for prefix unification purposes.

In terms of tableau rules, connection axiom can be expressed as

To Jp ..
—— for an existing prefix 0.a;.
T o.a; Jp

This means that J-modality is compatible with worlds generated by any
modality Ky,...,K,, J. For unification purposes, we allow variable positions
related to J-modalities to unify with any string.

We will mark position a with a superscript ¢ if it is related to modality

K;. For J, we will use superscript 0.
Definition 10 For a position a*, we define sort{a’} =i

Definition 11 To describe prefiz unification for S42, we define a relation <
on positions. For two positions a and b, we say that a < b iff a is v or a is
vh, and b is v} or wi. Basically, this indicates when b can be substituted for

a.
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Corollary 1 = is reflexive and transitive.

Definition 12 A substitution {Vi \ s1,..., Vs \ s,} is S4-admissible iff it

18 S4-admissible, and for all 1 and all a from s;, holds V; < a.

Theorem 3 A formula is S4) -valid iff there is a multiplicity u, an S4; -
admissible substitution o, and a set of o-complementary connections C' that

spans A.

Proof The only difference between S4 and S4) tableaux are the rules of prop-
agation of O from prefix to prefix. Our adjustments in the definition

of admissible substitution reflects those differences exactly.

Suppose there is a matrix proof, i.e., a multiplicity assignment, an
admissible substitution, and a spanning set of connections. Let us

show that there is a tableau proof as well.

We can modify our definition of a path through a formula A* as follows.
We say that some sets of a-related positions are paths (and our original

paths become atomic paths). Instead of P U {v}, we will write P, v.

(A) Root is a path.

(B) If P,u is a path; and u is an a-position with subformulae uy and

uy; then P ug and P, u; are paths as well.

(C) If P,u is a path; and u is a f-position with subformulae uy and

uy; then P, ug, u; is a path.
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(D) If P,u is a path; and u is a m-position with subformula wug; then

P, ug is a path.

(E) If P,u is a path; and u is a v-position with subformula wug; then

P, ugpq, ..., o) is a path where ug; are instances of uy.

If we augment each position in paths with its prefixes, paths will become
S4)-tableau branches. Atomic paths will be closed branches (if there
is a spanning set of connections). Our path generation rules become
valid tableau rules as long as prefixes are introduced by w-rules before
they are used by v-rules. But we can always apply the v-rule after the
appropriate m-rule — they cannot block each other because their active
positions are from different branches of the syntax tree (we need only
respect the reduction ordering when we choose the order in which to
process the positions). Hence if there is a matrix proof, then there is a

tableau proof as well.

Suppose our formula is valid and we have a tableau proof of it. Then
we can find the appropriate multiplicity and an S47-admissible substi-

tution.

Let us fix the tableau rules (propositional rules are standard, closures

are allowed over atomic formulas only):

Fooa A i Tor A v
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with O; = K; for ¢« > 0, Oy = J; « is always a fresh symbol, and 7 is a
string of “old” symbols subscripted by i’s only if ¢ > 0, or subscripted

arbitrarily when ¢ = 0.

The number of times a v*-rule was applied to a particular subformula
in the tableau proof is exactly the multiplicity of this subformula in the

formula tree.

Every m'-rule associates «; with the 7 position of the formula tree
relevant to F' 0;A. Every v'-rule produces a substitution V' \ 7*, where
V is the v* position of the formula tree relevant to 7' 0;A; 7 is a string

of mp-positions associated by w-rules with the elements of 7.
The resulting substitution is S47 -admissible:
e sort compatibility requirements are fulfilled by tableau rules’ pre-
fix requirements

e the substitution turns all the prefix equations into identities by

construction
e irreflexivity of the reduction ordering is also by construction
Each tableau branch represents one atomic path; each closed branch

has a complementary connection, and all branches of a closed tableau

cover all atomic paths. QED.

Note Our implementation does not use tableaux in any way, we refer to

them only for the sake of the proof(-sketch).
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[Cerrito and Mayer, 1997] give an upper bound for multiplicity function
for a number of propositional modal logics, including S4. We tried to imple-

ment it, but it proved to be impractically high.

4.6 Prefix Unification for 54511

[Otten and Kreitz, 1996a] present a prefix unification algorithm for a number
of logics, including S4 (the algorithm is the same, but it uses different sets
of rules for different logics).

We consider strings over V U C where V serves as a set of variables and
C is a set of constants. Symbols are actually positions, so for the S47 case,
we assume that each symbol has a sort : V UC — N, which we denote as a

superscript, and we also have a sort compatibility relation < over symbols.

Definition 13 (T-string property) Two strings, a and b, over an alpha-

bet A have the T-string property iff
(A) Vi<ij<is|-t #J — 8i # 55 and Vi< jpy i # J — ti # 1
(B) Jo<k<min(is) i) (Vi<i<k-8i = ti&Vicic)s|Vraj<pt]-Si # 1))
In other words, these strings form a tree.

Definition 14 A set of strings S has the T-string property iff all pairs

of strings s,t € S have the T-string property.
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Definition 15 A system of equations {s; = t1,...,s, = t,,} has the T-string

property iff the set {s1,...,Sn,t1,...,t,} has the T-string property.

Definition 16 A substitution o is a T-unifier of a system of equations

{si =t;|1 <i<n} iffos;=o0ct; foralll <i<n.

Definition 17 A substitution o is an instance of 7 if there is § such that

o=30oT (0 applied after T).

Definition 18 A set of substitutions 3 is a (minimal) set of most gen-

eral unifiers for a system of equations I iff:
Correctness Fvery o € X is a T-unifier for T.
Completeness FEvery T-unifier 7 for I' is an instance of some o € 3.

Minimality No o € ¥ is an instance of another o’ € 3.

A nondeterministic version of the unification algorithm is the following.
It assumes that each equation in I' has the form s = r|t where r = ¢ at the

beginning:
while I" # () do
select the left-most system s =t €T’

set I'to I'\ {s =t}

select a transformation rule I — A, © from 7 which is applicable to

s = t; if no rule is applicable, stop with failure
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apply rule IT — A0 to s =, let A’, © be the results

I':=0'(I'), 0 :=06(0)

[':=A"UT', 0 = 0 U®O/, trivial equation is not added back to the system
stop with success and return o.

The set of most general unifiers is the result of all successful runs of the

algorithm.

Definition 19 For two variable positions a® and b, we say that a* ~ b iff

1 =j or one of them s 0.
Corollary 2 =~ is an equivalence relation.

If a® ~ b7, then the least constraining sort of variables that can be sub-
stituted for both a’ and &’ is max(i, j). Indeed, if max(i, j) is positive, then
it is the only possible sort; if it is 0, then it can be replaced with any other
sort, but if we choose any positive sort, we will then be bound to it.

The original list of rules for T-unification for S4 described in [Otten and
Kreitz, 1996a) changes to the one described in Table To that we added
Rules 11 through 15, and sort compatibility conditions to Rules 7 through
10.

Corollary 3 (T-String Preserving) Let I' be a system of equations with
the T-string property, and o be a most general unifier for one of its equations.

Then a system of equations ol still has the T-string property.
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R1 {e = ele} —{hL{}

R2 {e=elt™} — {t" =ele}, {}

R3 {Xs=¢|Xt} — {s=c¢|t},{}

R4 {Cs=¢|Vt} — {Vi=¢|Cs},{}

R5 {Vs=zle} — {s=¢le},{V\ 2}

R6 {Vs=c¢|Cit} — {s=¢|Cit},{V \e}

R7 {Vs=z|C1Cot} — {s =¢|Cat},{V \ 2C}}, where V < C)

R8 {Vst =¢|Vit} — {Vit =V]sT},{}, where V; <V

RO {Vst =zHVit} — {Vit = V'|sT}, {V \ 27 V’}, where V ~ V7,
and sort{V’} = max(sort{V'},sort{V1})

R10 {Vs = z| Xt} — {Vs=2z2X|t},{}, where V X X,V # X,
and s=cort#cor X €C

R11 {Vs =z|Vit} — {s=c¢|Vit},{V \ 2}, where (z #c and V £ V;) or
(z =¢e and not V ~ V)

R12 {V = ¢|Vit} — {V =¢lt},{Vi\ e}, where Vi <V but V AV}

R13 {V = ¢|Vit} — {Vit = V'[e}, {V \ V'}, where Vi <V but V £ 1],
and sort{V'} = sort{V'}

R14 {Vs = 2V4|Ct} — {s=¢|Ct},{V \ 2V1}, where V £ C

R15 {Vs =2t |Vit} — {Vs=2z"|t},{Vi\e}, where V AV}

Table 4.1: s, t, and z denote (arbitrary) strings, and s, ¢t*, 2™ non-empty
strings. X, V., Vi, C, Cy, and Cy denote single characters with X € YuCuUV’,
V,Vi € VUV (with V # 1]), and C,C1,Cy € C. V' € V' is a new variable

which does not occur in the substitution ¢ computed so far.
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Definition 20 Let mgu(I') be the set of all substitutions produced by the

given algorithm with the given set of rules.

Corollary 4 (Correctness) Let I' = {s = ¢|t} be an equation of T-strings.
Then all o € mgu(T") are T-unifiers for T

Proof The proof is by induction on the number of rule applications needed

for the algorithm to terminate, as in |Otten and Kreitz, 1996a).

Suppose that o was obtained by a certain sequence of rule applications
r1,...,7, from system I'. When n = 0 we have a base case, a trivial

system of equations, and any substitution is a unifier.

By the induction hypothesis, ry,...,r, produces a unifier ¢’ for IV =
r1(I"). 7 induces a substitution 7 and ¢ = ¢’ U 7. By simple inves-
tigation of rules R1-R15, we notice that if ¢’ is a unifier for I, then

o =o' U7 is a unifier for I'. QED.

Theorem 4 (Termination) Let I' = {s = |t} be an equation of T-strings.

Then the given algorithm with the given set of rules always terminates.

Proof |[Otten and Kreitz, 1996a prove it by defining an ordering on equa-
tions and showing that we need at most two rule applications to obtain
a smaller equation with respect to that ordering. This proof works for

our set of rules as well.

For a pair of equations e; = {s; = z1|t1} and ex = {59 = z|ta} we
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define <.:

(

|8121t1| < |8222t2|, or

€1 <e €2 = 4 |s12111| = [s22ota| and |z1]| > |22, or

G {} and ey = {e = ¢le}.

For rules R1-R10, [Otten and Kreitz, 1996a) show that we need at most

two rule applications to obtain a smaller equation with respect to <..
It is easy to see that rules R11-R15 produce <.-smaller equations.

The equation {} is smaller than any solvable equation, hence there
is no infinite sequence of applicable rules (any sequence would either
produce {} or fail). Thus, the algorithm eliminates all equations one

by one or stop with failure. QED.

Unlike us, [Otten and Kreitz, 1996a] claim minimality of the resulting
unifier sets for their S4-set of rules. See our practical considerations at the

end of this section.

Theorem 5 (Completeness) Let I' = {s = €|t} be an equation of T-
strings. mgu(l') is complete, i.e., any unifier of I is an instance of some

o € mgu(l).

Proof [Otten and Kreitz, 1996a] claim completeness of the original S4-set

of rules. Completeness of our extended set can be obtained by lengthy
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analysis of all cases when S4-rules are not applicable due to modal sort

compatibility requirements.

Suppose we have an equation

{Vs=z| Xt}

and S4-rules are not applicable due to sort incompatibilities.

For the case when X is a constant, and V' cannot absorb it, we have
to use substitution {V'\ z} and start to accumulate new substitution.

For this case, we have two subcases:

e » = x(’; rule R7 was applicable one step earlier, which covers this

case

e z = zVj; rule R14 covers this case

This reasoning covers the cases when rule R7 is not applicable and,

partly, when rule R10 is not applicable.

Now, suppose X is a variable V; and V' cannot absorb Vi (V £ ;).

We have the following options:

e We already accumulated some substitution for V' (2 # ¢). We can
then stop accumulating the substitution for V, set {V '\ z} and
proceed with a new equation {s = ¢|t}.

As an alternative, we can set {1} \ €} and continue to accumulate

the substitution for V', this is covered by rule R15
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e I/ has not accumulated anything (2 = ). If V} can absorb V
(Vi <X V), then the cases when V; actually absorbs V' are covered
by rules R8 and R13. If Vi can absorb V but actually does not,

then we have to set {V] \ €} by rule R12.

Alternatively, V and V; are incompatible in both directions and

this is covered by the second case of the rule R11.

QED.

4.6.1 Practical considerations

Informally, T-unification problems are not exactly isomorphic to desired so-
lutions of prefix equations. For example, fresh variables introduced in Rules
9 and 13 are set to € after a unifier is found. Substitution {V; \ e, V5 \ €}
is an instance of {V; \ V4}; for proof search purposes they are equally good,
but if we still have some equations to solve, the former substitution being ap-
plied to them produces a smaller problem. These considerations suggest that
minimality and completeness of the resulting unifier sets do not guarantee
optimality.

We must also pay close attention to the order in which rules are attempted
— swapping Rules 12 and 13 changes running time on certain problems by
more than an order of magnitude, and changes (practical) feasibility of some
problems. We plan to measure the “popularity” of the rules on a large base

of problems and reorder them by decreasing order of popularity.
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4.7 From Matrix Proofs to Sequent Proofs

The algorithm for the conversion of matrix proofs to sequent proofs was
given by Kreitz and Schmitt [Kreitz and Schmitt, 2000; Schmitt, 1999] for a
number of modal logics (K,K4,T,54,D,D4), first-order intuitionistic logic, and
fragments of linear logic.

The full description of the algorithm is lengthy and very technical, so we
will highlight only the main idea and details that change with our shift from
S4 to S47.

The algorithm traverses over the formula tree starting from its root and
converts each position into an inference rule (or several inference rules); the
result is a derivation tree. Suppose the original formula that we had to prove
was AV B (or = AV B as a sequent). The primary type of the root is «

and the main connective is V; the algorithm chooses this rule:

'=AA TI'=BA
I'=AVBA

Positions for A and B become open and the algorithm chooses the next
position among open ones.

In general, inference rules are not permutable because certain rules can
destroy formulae of a sequent that have not yet been used, hence the order
in which the algorithm has to explore the formula tree is important. The

primary factor is the reduction ordering induced by unifying substitution.
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Definition 21 We say that the processed positions are solved, and that P,

is the set of solved atomic positions.

Definition 22 We call open a not-solved position whose immediate prede-
cessor in the tree ordering is solved. P, = {x | x not solved & y < = solved}

is the set of open positions.
Basically, open positions represent current formulas in the sequent.

Definition 23 If © T y (substitution induced relation), we say that x is

blocking y. And W, ={z | x T y} is the set of positions blocking y.

Open positions that are blocked will not be processed until there is no
blocking. There are more requirements for first-order S4 in [Kreitz and

Schmitt, 2000; [Schmitt, 1999]; unfortunately, they do not fully agree.

Note Since generated proofs are always checked by the MetaPRL engine, it
is not critical whether the algorithm has bugs and/or is incomplete.
There are two worst-case scenarios: the algorithm runs into a deadlock
because of these blocking conditions, or it produces an incorrect proof

that will be rejected by MetaPRL.

Consider the S4-rule for O-introduction to the right:

"=AA
I'=A0A
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where I'" = {OX|0OX € I'}. It is convenient to formulate with the (*)
operation when we build a top-down proof.

If we apply this rule too early, the (*) operation might delete some for-
mulae that we will need later in our proof. The conversion algorithm has a
complicated condition describing when it is not too early to use this rule.

For S4;), the similar rule is:

~=AA

T O
= A, OA (=0)

If Ois J, then I'" = {JA[JA e T'}.
If O is K;, then I* = {JA[JA € T} U {K,A|K:A € T},

So in the case of S42

n’

not all boxes survive after this rule — only boxes
of the same sort or stronger (i.e. J). In order to reflect this in the proof con-
version algorithm for S47 | we impose one more condition when a 7-position
cannot be processed — if there is an open v-position of a different non-zero
sort. Otherwise, if we process that w-position, we will apply the = O-rule to
it and it will delete the incompatible v-positions.

This modification is the only one needed to add S4; support to the ex-

isting proof conversion algorithm for S4.

4.8 Muddy Children Puzzle

The paradigmatic example of S4) application is the renowned:
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Muddy Children Puzzle There are n children playing in a yard; as they
play m of them become muddy. Their father enters the yard and says:
“At least one of you is muddy, do you know whether or not you are
muddy?” Nobody answers. The father then asks the following ques-
tion, over and over: “Do any of you know if you have mud on your

forehead?”

Assume it is common knowledge that all the children are perceptive,
intelligent, truthful, and that they answer simultaneously. What will

happen?

Let us formalize this puzzle in S4) for four children, two of whom are
muddy. The propositional letter ¢; will stand for “the i** child is muddy.”

We will use the formalization that we heard from Melvin Fitting.

Definition 24 The it child knows whether or not A is true:

KW;A =K,AVK;,—A.

Definition 25 It is common knowledge that every child knows whether or

not the other children are muddy:

KAO = J(KchQ N Kchg N KW164 N KW2C1 A KWQC:), A KWQC4/\
KWgCl N KWgCZ N KW304 A KW461 VAN KW4CQ A KW403.)
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Definition 26 The initial state before the father spoke was

So = C1 /\Cg/\ﬁ63/\_\04.

Definition 27 The father’s statement “At least one of you is muddy” is
formalized as

s1=J(c1 Vea Ve V).

Definition 28 Some child knows whether or not (s)he is muddy:

SK = KW101 V KWQCQ V KWgCg V KW4C4.

Theorem 6 After the father asked his question the first time, nobody an-
swered. Muddy children 1 and 2 know that they are muddy by the father’s

second question:

So, J(_|(Sl — SK)), KAO = Kict
and

So, J(_‘(Sl — SK)), KAO = K202
e Js; — SK states that after the first question some child knows if (s)he
18 muddy.

e J(—(s1 — SK)) states that it is common knowledge that no child actu-

ally answered after the first question.
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Proof The proof was found automatically by our matrix-based prover and
verified by MetaPRL. On a P3-700MHz computer, it took approxi-
mately 150 seconds in total (but separately for ¢; and ¢;). The proof

can be found in Appendix [A]l

4.9 Final Remarks

In this chapter, we presented a matrix-based prover for S4) . It builds cut-free
proofs that can be fed to a Realization Algorithm that would recover evidence
terms (justifications) for justified common knowledge modality J, and build
an S4,LP-proof for a realization of the original formula [Artemov, 2004]. It
is our immediate goal to finish this Realization Algorithm and connect it to
our S42-prover.

We are exploring ways to improve the performance of our implementa-
tion. One way to address it is to implement a non-constant multiplicity
function, i.e., to increase multiplicity of generative positions individually, on
demand (although it is not obvious how to do it). Perhaps we should move
to tableau-based algorithms, though we need sequent proofs as the output
for the Realization Algorithm.

We also want to extend our work to other modal logics (T and S57)
[Artemov, 2004] and investigate possible connections between the logic of

proofs LP (and T,LP, S4,LP, S5,LP) and description logics.
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Appendix A

Formal Proof of Muddy
Children Puzzle

Ax
F27 C3, ch3a F?) = chl7 C3,C4
0=
[y, Kyies, I's = Kie, 3,04 a: Ty, Kimes, I's = Kier, 3,04
V=
Fl; KW1C2, K1C3 V K1_|C3, KW164, /\ chj7 KAO = KlCl, C3,Cy
i#1,i#] A =
Ty, /\ KWic;, (/\ KMcj> = Kicr, 3,04
i#]j i#] 0=
C1,Co, J(_|(81 — SK)), J (/\ KVVZ‘CJ'> = chh C3,Cyq
i#£j —F =
C1, C, T1C3, TCy, J(_|(81 — SK)), KAO = K101
N =

c1 N\ cag N\ —eg N\ ey, J(_|(51 — SK)), KAO = K101

then

87



APPENDIX A. FORMAL PROOF OF MUDDY CHILDREN PUZZLE 88

Ax

Iy, Ki=es, ca, Kica, 'y = Kiep, cs, ¢

=
Iy, Ki=es, Kica, 'y = Kier, 3, ¢ BTy, Kimes, Ki—ey, 'y = Kic, 3, ¢4

(07 FQ,K1_|03,K1€4\/K1_'C4, /\ KVVZ'CJ',KAO:> chl,Cg,C4
i1,

V=

then

Ax

7, c3,Kies, Tg = Ay, 3
7, Kies, T'g = Ay, 3 :>7 : J(—(s1 — SK)),Ki—es, Tg, Ki—es, T = Aq, 3
J(=(s1 — SK)), Ki—es, Ki—eq, KWiey, KWico, KWies, I'g = Aq, c3
J(=(s1 — SK)), —es, Ki—es, Kymey, KWiey, KWico, KWies, I'g = Ay
J(=(s1 — SK)), Ki—cs, Kimeq, KWicqr 936544, /\ KWicj, KAO, sy = A

i=3,4 i#j
Ts, \ KWic;, KAO, s = A,
i#]
F5, KAO, So = C1,C4, Kchl, KQCQ, K2_|CQ, KWgCg V KW4C4
['s, KAO, s = ¢y, ¢, \/ KWc;

V=

- =

0=

N =

0=

= V*

=>—
J(_|(81 — SK)), K1_|C3, K1_|C4, KAO = C1,C4,81 — SK

—(s1 — SK),J(=(s1 — SK)),Ki—es, Ki—eq, KAO = ¢4, ¢4
J(=(s1 — SK)),Ki—cs, Ki—eq, KAO = ¢4, ¢4
J(=(s1 — SK)), Ki—eg, =eq, Kimey, KAO = ¢
J(=(s1 — SK)),Ki—es, Ki—eq, KAO = ¢4
B:c1,co,J(—(s1 — SK)), KWice, Ky—es, Kimey, /\ KWic;, KAO = Kycy, c3, ¢4

- =

0=

- =

0=

=0

then
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Ax

F117 Cy, K2047 Fl() = C1, C4, AQ) C3,C3

11, Koey, T'yg = 1, ¢4, Do, 3, C3 - 0: 111, Koy, T'g = Ag
J(=(s1 — SK)), Kics, I, Kiez, g, KWacy, T'hg = Ay, c3,¢3
J(=(s1 — SK)), —c3, Kimes, Ts, Ki—es, Ts = Ag, 3
v J(=(s1 — SK)),Ki=es, Ts, Kimeg, Tg = Ag, e

V=

- =

0=

then

Ax
[2, c3, Kacs, Kameq, g = Ag

=
[, Koes, Koy, g = Ag € : g, Komes, Koy, g = Ag
0 oy KWacs, Komeq, I'ig = Ag

V=

then

Ax

I3, c1,Koer, 'y = c1, Ay
0=
I3, Keer, 'y = Ag ¢ : T3, Kemey, 'y = Ag

(SN Flg, KWQCl,F14 = Ag

V =

then
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propositional reasoning

Flg, C1 V Co V C3 V C4,J<Cl V Co V C3 V 04)751 = Co, Cq, SK, C3,Cy4

0=
Flg, J(Cl Ve VeV C4), 81 = Cg,Cq, SK, C3,Cq

(renaming)
F177 K2ﬁ647 KAO7 S1,81 = C2,Cy, SKa C3,C4

- =
F17; —Cy, KQ_'C4a KAO7 $1,81 = Cg, Cy, SKa C3

J(=(s1 — SK)), Ko—ey, Ko—es, Komey, KAO, 1,81 = ¢, ¢1, SK, c3
J(=(s1 — SK)), Ke—cy, mes, Kameg, Komey, KAO, s1, 81 = o, ¢, SK; -
J(=(s1 — SK)), Ka—cy, Komes, Komey, KAO, 81,81 = ¢o,c1, SK
J(—=(s1 — SK)),Ka—cy, Koes, Koy, KAO, s1 = ¢o,¢1, 81 — SK
—(s; — SK),J(=(s1 — SK)), Komcy, Komes, Komey, KAO, 51 = ¢, ¢
J(=(s1 — SK)), Ka—ey, Komes, Koey, KAO, s1 = ¢, ¢1
J(=(s1 — SK)), —cy, Kamer, Komes, Ka—ey, KAO, 81 = co— =
J(=(s1 — SK)), Ka—cy, Komes, Komey, KAO, 51 = ¢y
¢ :J(—=(s1 — SK)),KiT'15, Kamer, Komes, Koy, Tig, KAO, s1 = Ay, Koco, As

0=

=

=

- =

0=

0=

=0
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